
PhD Dissertation 
 

February 2007 

 

 
 

International Doctorate School in Information and 

Communication Technologies 

 

DIT - University of Trento 
 

INTERACTIVE SHAPE MODELING AND DYNAMIC 

DEFORMATION 

BASED ON SPLINE SCULPTING 
 

 

1st, Feburary, 2007 

 

 

 

Advisor:    Raffaele De Amicis 

Director: Fondazione Graphitech 

 

Co-Advisor:  Giuseppe Conti 

Senior Scientist: Fondazione Graphitech 
 

 

 

 



 



 

3 

 

Acknowledgement  

 
 

 

First of all, I would like to thank all the members of 

GT. Especially my advisor Raffaele De Amicis and Dr. 

Giuseppe Conti, who have offered me many professional 

advices and supports during my three years PhD research.  

I would like to thank all the members of the jury for 

the attention they have paid to my work and for their con-

structive remarks and questions.  

I also would like to thank Jean Claude Leon, my co-

supervisor in France, who has shared his experience in the 

field of free form surface deformation and semantic shape 

operators despite a very busy timetable. 

I cannot forget all the people with whom I spend many 

hours, and that will be more precious for enriching my per-

sonal experience.  Without the help of all of you I would not 

be what I am.  Thank you, all the friends, and all the col-

leagues in Italy, China and France.   

And finally, I particularly would like to thank, my 

husband, for his endless love, patience, and support all along 

these years.  I greatly appreciate my little son too, he is the 

most precious gift I have ever got in my life, and it is him 

who has been giving me such a great energy and motivation 

to finish what I have done.  

 

 

        

     1st, Feb, 2007 

 



 

 

Abstract 
 

 

 

 
Conventional geometric surface modeling software offers the de-

signer shape interaction and manipulation through editing the as-

sociated control points, orders, knot vector and point clouds. 

Such modeling by indirect manipulation of algebraic and geomet-

ric parameters proves to be difficult and tedious, especially for 

novice designers. Researchers have instead explored direct ways 

through adding physical behavior to the traditional parametric 

surface patches. Those constraints, encoded as user-applied 

sculpting forces that modify the surface in predictable ways, im-

pose the physical effects on the deformable models. However, to 

date, physically-based manipulation of B-spline represented 

shapes is not fully realized.  

The goal of this research is to address this issue through fur-

ther improving the flexibility and efficiency of B-spline surface 

modeling and manipulation in a 3D sketching environment. 

Firstly, the system allows users to construct a B-spline surface 

along arbitrary curves with respect to the user’s design intention. 

This process highlights the method of the traditional illustration 

for depicting 3D subjects, where the creation of 3D objects is 

usually preceded by a sequence of drawing steps by using spline 

strokes. Secondly, I am trying to eliminate the need for the user to 

directly manipulate B-spline parameters by providing higher-

level surface manipulation tools based on physical techniques.  In 

this system, for each B-spline surface, a bar network is built from 

its control vertices. The physical effects imposed by user’s free 

spline sculpting deform the model according to the geometric and 

parametric constraints. The minimization of the variation of the 

external forces has been used; as a result the least possible ad-
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justment to the control vertices is involved. Shape operators have 

been developed to correlate between B-spline shape parameters 

and the physics-based sculpting framework; meanwhile, the re-

search work has illustrated the surface properties by defining 

geometric constraints (point, tangency, curve and surface area so 

on). Moreover, the spline strokes are freely controlled by 3D 

dragger metaphor, which will produce a sequence of dynamic de-

formations to facilitate the user to achieve the desired models.  

Finally, the improvement from the lower geometric digital 

shape control to a grammar-based shape manipulation is pre-

sented, where the planar curve properties are obtained based on 

the analysis of the intrinsic curvature extrema (Leyton Grammar). 

Finally a set of semantic-based shape operators aiming at differ-

ent curve properties, encapsulated with group of geometric con-

straints, is defined to assist designers for aesthetic curve control.  

 

 

 

 
Keywords:  Sketch-based, Constraint-based surface modeling, 

Physically-based deformation, Variable model, Dynamical con-

trol, Semantic-based shape handling
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Chapter 1  

 

Introduction 

 

1.1 Motivation  

 

3D Sketching plays an important role during the geometric 

designing process, especially in the earlier conceptual styl-

ing stage, the most synthetical, dominant and creative stage 

in the whole design process; These first sketches do not 

have to be very detailed or accurate, the important thing is 

to visualize the result of the brainstorms and refine them to 

represent alternative design solutions.  Therefore, the effec-

tive mechanism to support quick illustration and intelligent 

manipulation of these sketches will boost the designing effi-

ciency and thus enhance creativity.   

Especially, increasingly dominated by Spline-based 

free-form surfaces in CAS/CAD, this high degree of free-

dom adds more difficulties when creating and manipulating 

surfaces. For this we need much more intelligent sketch 

manipulation systems to assistant stylist during aesthetic de-

sign work. 

In the last two decades, more and more researchers 

have been pursuing the challenge of developing the so-

called sketch-based free drawing interfaces, combining the 

ease of freehand drawing with the advantages of computer 
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processing, to let designer fully concentrate on the design 

process. The research issues had mainly focused on search-

ing for drawing and editing algorithms that adequately sup-

port the user in creating and modifying 3D geometric ob-

jects.  

During the earlier sketch-based routine design, every-

thing about the design process must be known in advance. 

This requires long adaptation training and strict conformity 

to fixed operation order.  

A new paradigm to geometric design, the so-called 

constraint-based design, has been proposed. The design 

work proceeds in an interactive manner i.e. there is no fixed 

order of design operation. Instead, based on specified con-

straints and the intention of the user, the built-in logic of the 

modeling system derives the shape of the model. However 

the major difficulty of constraint-based approach is the con-

straint solving, which has to compute the values of degrees 

of freedom such that defined constraints are satisfied. Al-

though sometimes it is sufficient for many applications, 

concentrating the effort on these cases hinders the extension 

of this paradigm to other areas, especially to fully free-form 

surface modeling. 

When a feature-based method is introduced into the 

digital models, it improves the modeling manipulation to 

high-level semantics which support more complex shape 

modification. The basic idea is to allow the designer to ap-

ply a “shape” constraint to the parent surface. Features as-

sociate specific functional meaning to groups of geometric 

entities. In this way it is efficient to deform free-form sur-

faces, however so far feature-based representation has been 

only associated to the limited geometric entities. Further the 

characteristic lines, are decomposed into low-level con-

straints, restricts the scope of the deformation process. The 
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feature taxonomy is also incomplete and the implementation 

only based on the Boolean operation. For this it is still of 

limited use for full free-form modeling and manipulation. 

All in all, the use of state-of-the-art modelers is far 

from being intuitive and intelligent for stylist and designer 

whose main target is the aesthetic free form surfaces. More-

over, the majority of these systems have been designed as 

further extension of classical CAD tools; the lower geomet-

ric digital shape representation such as vector and pixel 

cannot be easily used when information at a higher, seman-

tic level is to be decoded and manipulated.  

Moreover, the fully free form shape design process not 

only needs the ability of intelligent recognition and rapid 3D 

modeling, but it also needs intuitive, powerful modification 

manipulation. Therefore efficient and intuitive shape ma-

nipulation techniques are vital to the refinement of geomet-

ric models as well.  

Recently considerable achievements have been 

reached through the adoption of Free-Form Deformation 

(FFD) and Extended Free-form Deformation (EFFD). These 

embed the whole object into a tensor product volume.  The 

volume can be deformed by means of spline control points 

while the embedded object is deformed accordingly. Unfor-

tunately, manipulation of splines is not intuitive. Although 

other physically-based manipulation approaches improve 

the natural operation and a new Medial Axial Deformation 

method (AxDf) is being currently proposed to achieve better 

deformation results, the degree of freedom available to con-

trol the shape is still limited 

My research tries to answer to the increasing demand 

for more intuitive methods for both creating and modifying 

free-form curves and surfaces. The work improved the con-

straint-based modeling method and sketch-based interface 
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to develop a more intelligent free form shape manipulation 

system for conceptual styling tasks. The paradigm proposed 

for advanced sketch modeling further bridges the gap be-

tween lower geometric parameters manipulation technique 

and higher level features and semantic shape control.  

During the modeling phase, the system allows user to 

construct a B-spline surface along an arbitrary curve with 

respect to the user’s design intention. It addresses the issue 

of traditional illustration for depicting 3D subjects, where 

the creation of 3D objects is usually preceded by a sequence 

of drawing steps using few strokes. Meanwhile sufficient 

interpretations of user’s freehand spline sketching are pro-

vided for fully free shape creation.  

During the implementation of the deformation, it high-

lights the physically-based deformation technique and finite 

element method.  I further propose a novel method that is 

able to automatically extract a series of key points on a tar-

get spline and imposes adaptive “external forces” to relocate 

corresponding vertices on a parent surface. Furthermore, a 

series of linear influence functions are introduced to im-

prove the continuity and the symmetry.   This research work 

mainly focuses on the correlation between geometric con-

straints and the surface properties to offer the designer di-

rect NURBS parameter-independent surface control. Con-

straints restrict changes to the surface, while properties 

describe surface behaviour under applied forces. There are 

five constraint types: point, distance, tangency, curve and 

surface area, as well as two surface properties: stretch and 

bend.  

Since designers are more interested in how to obtain 

the aesthetic results instead of caring about geometric de-

tails, my thesis also highlights the improvement from the 

lower geometric digital shape representation level to higher 
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grammar-based 2D sketching curve manipulation level, I 

first propose the symbolic shape description by the intrinsic 

curvature feature of the curve, then I discuss the curve prop-

erties based on the analysis of the curvature extrema. Fi-

nally a set of semantic-based shape operators based on Ley-

ton grammar process is proposed to assistant designer to get 

aesthetic operation of the curve.  

 

 

1.2 Structure of the Thesis 

 

The thesis has been organized into eight chapters: 

 

• Chapter 1 is an introduction of my research work about 

sketch-based surface styling and deformation. It highlights 

the natural and interactive requirements for aesthetic design-

ing. It further addresses the improvement from high-level 

shape operators for fully free form shape control.  

 

• Chapter 2 presents an overview of the existing sketch-

based shape modeling methods and deformation techniques. 

Based on the systematic analysis of different algorithms, it 

concludes with the advantages and disadvantages of current 

research works. Furthermore, it emphasizes the significance 

to provide improved constraint-based surface modeling 

techniques for user’s creative designing work. Especially it 

is necessary to provide more natural and intelligent modifi-

cation by combining the physically-based and FEM method 

with sketch modeling interaction. 

 

• Chapter 3 points out the paradigm of the sketch-based 3D 

shape modeling system. This chapter details the architecture 
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of the sketching system and the adaptive multi-layered con-

straints decision structure for shape manipulation. Mean-

while, it not only gives the implementation of the basic 3D 

object modeling based on sketching understanding,  but it 

also further illustrates the implementation of complex shape 

modeling by 3D sketches and its efficiency for free form 

surface manipulation. 

 

• Chapter 4 addresses an optimized curve recognition algo-

rithm which automatically approximates the arbitrary hand 

drawing curve into cubic B-spline. The sequent approxi-

mated geometric curves from the user’s sketching will be 

used for constrained surface construction. Moreover, it de-

scribes an effective local modification method for surface 

trimming through simply over-sketching.  

 

• Chapter 5 details the sketch-based B-spline surface model-

ing, where a series of free form curves is interpolated. 

Meanwhile, it also presents the transformation from 2D 

sketches to 3D description and the flexible space control by 

using a dragger in a 3D Virtual environment.  

 

• Chapter 6 presents a spline-driven surface deformation 

method. It introduces how the user-specified constraints are 

used for intuitive shape control by combining the bar net-

work and minimization process. It also describes the im-

plementation of the global and local shape modification by 

adding few curve sketches.   

 

• Chapter 7 introduces the theory of Leyton shape grammar 

and it further simulates the implementation by integrating 

the group of geometric constraints with the B-spline defor-

mation operation. Moreover, it illustrates the interactive 
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shape manipulation by adding the constraints to the charac-

teristic points (curvature extrema points) while the curve is 

represented as a symbolic description through the analysis 

of the curvature distribution. Finally, it provides quantitative 

parameters for curve characteristic analysis, and a set of 

aesthetic operators are proposed. 

 

• Chapter 8 concludes the discussion and proposes some re-

lated future work. 
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Chapter 2 

 
 

State of the Art 
 

 

2.1 Sketch-based Geometric Modeling 

 

Sketch-based interfaces have been researched for long time 

since 70`s. As an intuitive tool it provides perceptual and di-

rect interaction for designer and, at the same time, it also 

carries the ambiguity of the sketched input [1]. How to 

make sketch-based tools intelligent enough for creative 

work has been one of the main research topics. Within this 

research area we can distinguish three approaches:  

 

 

� Gesture-based geometric modeling: these systems use 

gestures as commands for generating solids from 2D 

segments, where the user must conform to fix drawing 

sequence and style. Such a method is useful to create 

geometric primitives. 

� Constraint-based geometric modeling: this approach 

stresses the issue of free form modeling; it uses algo-

rithms to reconstruct geometric objects from sketches 

while a series of predefined logics are used to match the 

user’s different drawing styles. 

� Feature and semantic-based geometric modeling: this 
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approach improves the two approaches previously men-

tioned. The shape-based constraints are adopted to im-

plement higher-level global and local shape control.  

 

2.1.1 Gesture-based Geometric Modeling  
 

Earlier systems allow sketching 3D geometric models by us-

ing a set of pre-defined gestures for creating and combining 

geometric primitives which convert sketches using Gesture 

Recognition algorithms into a series of specific commands 

[2] (see Figure 2-1). 

 

 
Figure 2- 1: Gestures for primitive construction [2] 

 

The work in [3] uses a gesture interface to allow users 

to create and manipulate geometries, and it transforms them 

into a high level feature-based model. This system provides 

mechanisms to constrain and parameterize 3D geometries. 

However this system lacks in generality and it also requires 

extendible gesture sets to high level 2D and 3D construc-

tions. The work in [4] introduces a new type of so-called 
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“suggestive” interfaces for 3D drawings. It extends the ges-

ture interface through offering multiple candidates, which 

are generated by a set of suggestion engines. It is easy to use 

for novice users, but if the hints given are inadequate, the 

system never responds. Further complicated 3D scenes can 

make it difficult to specify hints and to find the desired one. 

The system described in [5] defines geometric features 

of objects through drawing of a set of auxiliary lines. It sup-

ports over-sketching of real lines over auxiliary lines and 

snapping and adjustment are preformed in real time. This 

system differs from previous approaches in that speed of 

execution and fast feedback are more important than the 

ability to produce models. However by using construction 

lines this method can not provide a sound basis for more so-

phisticated input techniques, especially curves and surfaces.  

In general a gesture-based geometric modeling system 

must consider a series of constraints such as parallel lines, 

right angles, symmetry and other concepts, which have been 

defined before. These lower level topological constraints are 

difficult to use for fully free-form surface modeling tools. 

 
 

2.1. 2 Free form Surface Modeling 
 

As a central topic of Computer Aided Geometric Design, 

free-form curve and surface creation attracted many re-

searchers’ attention.  

 

• Constraints-based Free Form Modeling  
 

Parametric curves and surfaces have been successfully ap-

plied to design of free form shapes. However the main limit 

of them lies in the fact that their manipulation requires sig-
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nificant mathematical knowledge and skills during their 

shaping. This makes the task tedious and cumbersome. 

Sometimes changing a small detail is difficult and it can be 

as time-consuming as recreating the whole model. Further-

more, these models do not maintain sufficient dependency 

between the geometric elements of an object. 

Recently a number of researchers have tried to im-

prove them. For example in [6] the authors analyze ap-

proximation of curves and reconstruction of surfaces. The 

usual approach uses a least squares formulation that ex-

presses the fairness of the final result based on parametric 

B-spline, however it is a difficult to estimate the parameters. 

Further they propose that the active curve or surface adapts 

to the model shape to be approximated in an optimization 

algorithm through a quasi-Newton optimization procedure, 

which completely avoids the parameterization problem (see 

Figure 2-2). 

 
Figure 2- 2:   Approximating B-spline surface [6] 

 

The work in [7] presents a simple touch-and-replace 

technique to edit 2D and 3D curves. The authors introduce 

auxiliary surfaces that allow for a reliable interpretation of 

users’ pen-strokes in 3D and a new method for sketch and 

constraint-based surface sculpting (see Figure 2-3). One 

limitation of this approach is the lack of degrees of freedom, 
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which are restricted by the auxiliary surfaces, particularly 

when editing complex scenes. The poor visibility of the aux-

iliary surface can also be a hindrance to users. 

       
Figure 2- 3:  Constraint-based surface sculpting [7] 

 

Recently Teddy’s [8] provides us with a more “hu-

manized” modeling technique which is oriented to free-form 

surface modeling by using a very simple interface. It creates 

simple objects of spherical topology by using a sequence of 

“inflate”, “extrude” and “cut” operations. An obvious appli-

cation of Teddy is the rapid design of 3D approximated 

models for character animation. Aiming at Teddy’s rough 

polygonal meshes, the work in [9] proposed an improved 

approach to beautify and refine polygonal meshes.  How-

ever Teddy’s cannot create multiple objects; the models 

must have spherical topology (equal to sphere) and no holes. 

It is impossible to some editing operations (e.g. creating a 

bridge between objects) and the modeling is carried out by 

repeating cut and extrusion operations. Finally there is no 

analogy to the process in way people sketch, create models. 

An alternative approach to free-form modeling adopts 

Variational Implicit Surfaces (VIS). These surfaces are de-

fined by a set of constraints that specify the points on the 
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surface boundary. Karpenko et al. [10] and Bruno et al [11] 

describe how sketched silhouettes are converted into a set of 

constrains which are then used to create a blob by “stroke 

inflation”. These blobs can be combined by using the blob 

merging operations (see Figure 2-4). 

 

 
Figure 2- 4: Surface merging and editing operation [10] 

 

The advantage of the implicit surface representation is 

that the natural modeling operations — inflation, stroke-

based merging – is supported. However they cannot provide 

further interior modifications. In [12] the approach allows 

the user to design more freely objects with high topological 

complexity due to the nature of implicit surfaces. The ap-

proach also supports additional features: shapes with holes, 

semi-sharp features, and free-form cross-section shapes. 

However this is not sufficient for fully free form shape 

modeling. Further as the number of constraints increases, 

the time it takes to compute the coefficients for the varia-

tional implicit surfaces grows as well. Finally its representa-

tion cannot support sharp edges in a surface. 
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• Feature-based Free Form Modeling  
 

Constraints-based modeling techniques restrict the possibili-

ties to deform a curve or surface. For this reason it is diffi-

cult to get the desired surface for aesthetic designing. In [13] 

[14] the authors propose a feature-based designing method 

where features are well known, in a mechanical environ-

ment, as high semantic level entities. These associate func-

tional information to pure geometry, they are suitable for 

faster modeling and it is possible to re-use the information. 

The authors also suggest a possible classification of free 

form features for recognizing and generating the desired 

surface. 

 

 
Figure 2- 5: Feature-based shape modeling by limiting and 

target lines constraints [15] 

 

 

 Cheutet et al. [15] insert the δ-F4 (fully free form de-

formation features) in styling design. The author deforms 

the geometry through higher-level constraints, which allows 

for a direct manipulation of surfaces through a restricted 

number of intuitive key lines (see Figure 2-5). The impor-

tant thing is that they consider some modeling entities as 

feature primitives, and they establish a link between geo-

metric level and semantic level in respect to stylist’s pur-

pose which permits a fast access to the desired shape ac-

cording to its semantics. However until now, only the 

P0 

P 
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classical addition operator has been proposed to add defor-

mation features. Operators such as FFF extrusion, Limiting 

Line fusion or FFF union can be defined to extend the vari-

ety of accessible shapes inside the proposed classification, 

which need more future works. 
 

 

2.1.3 Free Form Surface Modeling in VR 
 

Currently virtual reality technology for modeling is very 

popular for designing because of its realistic visualization. 

Earlier work in [16] demonstrates an interface to create 

cubes, simple prisms and pyramids constructed by lines in 

virtual environment. However it is difficult to draw any 

complicated objects and some curves. In [17] the authors 

present a simple method to create 3D curve, which is deter-

mined by its image-space projection and its shadow. It is 

well suitable for fast approximation 3D curves; however it 

can be quite hard to judge what the shadow should look like 

for complex 3D curves. 

In [18] the authors translate conceptual sketch strokes 

into a suitable B-spline representation with a three-step 

method. First a data filter is used to eliminate redundancy 

and noise. Then a knowledge based algorithm tries to inter-

pret the user’s intention according to direction, speed and 

curvature into two types of curves joined respectively with 

C0 and C1 continuity. Finally an algorithm translates each 

segmented sketch stroke into a cubic B-spline with adaptive 

approximation (see Figure 2-6). However this system cannot 

support the post-sketching editing function. 

A better tool is presented in [19] where the authors 

propose a two-handed 3D styling system for free-form sur-

faces in a table-like Virtual Environment. One hand holds 
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the model, the other carries out the editing function. In this 

application Cubic B-Spline curves are being drawn by free-

hand, edited and automatically integrated into the existing 

network. Functions like smoothing, sharpening and drag-

ging are available. The system provides the designer with an 

intuitive interface relying on familiar metaphors which 

mask the complex mathematical representation of the Spline 

curves and surfaces (see Figure 2-6).  

 

 
 

Figure 2- 6:  3D curve creation [18] and 3D curve generation 

from scratch [19] 
 

A VR system is a perfect mean to deliver the percep-

tion of 3D space, but it is difficult to control for novice user 

and designer, when they wear the stereo glasses to draw in 

the air rather than using the pen and paper. Furthermore 

most of the VR systems cannot easily support the fully and 

natural free form sketching and manipulation.  

 

2.1.4 Conclusion  

 

As a whole, current 3D design software in the CAD field 

focus on providing powerful shape control. Authors have 

developed advanced methods from constraints-based to fea-
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ture-based; some of them are implemented in perceptually 

surrounding - virtual environment. However, they are still 

not enough intelligent and complete for free form shape 

modeling. In fact the fully free form shape design process 

not only needs the ability of intelligent recognition and 

rapid 3D modeling, but it also needs intuitive, powerful 

modification manipulation and the knowledge reasoning 

technique for better understanding the sketched input [20] 

Furthermore, with the increasing of the freedom of 

free-form shape, and in particular for aesthetic designing 

work, what the designers really require is the high-level 

shape handling system, where only set of meaningful shape 

operators are provided to users, with the encapsulation of 

tedious geometry representation and geometric constraints. 

 

 

2.2 Free Form Surface Deformation Techniques  

 

Since the main characteristics of conceptual styling stage 

are inaccuracy and inconsistence; the efficient and intuitive 

shape modification techniques are vital to further refinement 

of geometric models. Such refinement processes are not 

only the simple over-sketching of the boundaries but also 

the obtaining of predictable shape variations by adding few 

sketches.   

The advanced deformable modeling techniques have 

been incorporated to the CAD/CAS the designing works. 

The improvement of the deformation methods further accel-

erates the efficiency of modification procedure. The existing 

deformation techniques generally are classified in three 

main categories of methods. 
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• The geometric approaches enable the modification of 

geometric models either through direct geometric parame-

ters adjustment or by a set of displacement constraints or by 

using volumes of influence.   

 In earlier research works, these geometric models are 

represented as either double-quadratic curves, B-splines, ra-

tional B-splines, or non-uniform rational B-splines 

(NURBS).  The designer adjusts the shape of the objects by 

moving control points to new positions, by adding or delet-

ing control points, or by changing their weights or by re-

moving and adding sequence knots. This parameter-based 

object representation is computationally efficient and it sup-

ports interactive modification. However, this level of con-

trol is sometimes a disadvantage: precise specification or 

modification of curves or surfaces can be laborious. Even a 

perceptually simple change may require adjustment of many 

control points.  

The Free-form deformation (FFD) proposed by Seder-

berg and Parry is a general method for deforming geometric 

objects that provides a higher and more powerful level of 

control than adjusting individual control points. These FFDs 

change the shape of an object by deforming the space in 

which the object lies. This technique can be applied to many 

different graphical representations, including: points, poly-

gons, splines, parametric patches, and implicit surfaces. 

The basic FFD method has been extended by several 

others. Coquillart [21] provides a toolkit of lattices with dif-

ferent sizes, resolutions and geometries that can be posi-

tioned over the object for selective control of sub-regions of 

the surface. Hsu [22] allows direct manipulation of surface 

or curve points by converting the desired movement of these 

points to equivalent grid point movement. This under-
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constrained problem is solved by choosing the grid point 

movement with the minimum least-squares energy that pro-

duces the desired object manipulation. MacCracken and Joy 

[23] perform FFD on lattices with arbitrary topology, using 

a subdivision algorithm to refine the lattice and to provide 

the desired shape. Special lattice points along sharp edges 

and corners are handled separately.  The results of these re-

search works have also been exploited across several do-

mains including human body animations and dynamic flexi-

ble deformations. However, while these approaches increase 

a degree of flexibility in terms of control, on the other hand 

they are based on the solution of complex nonlinear equa-

tions through numerical methods. 

Another example of geometric deformation method is 

the new Medial Axial Deformation method (AxDf) pro-

posed by [24] aims at achieving better control over defor-

mations. The user creates a curvilinear path represented by a 

B-Spline curve and locates it with respect to the object. By 

modifying the shape of the path, the cylindrical space sur-

rounding this path as well as the part of the object which is 

immersed in this space is modified. This method is further 

extended to generate a free form models by set of wires [25].  

However, these geometric approaches of modeling deforma-

tion are still limited by the expertise and patience of the user, 

and the deformation results are certainly inadequate by sim-

ply changing the axis and wires. 

 

• The physically-based approaches led to the modification 

of geometric models while using a physical model enabling 

either surface, or volume, or mixed deformation. Here, the 

deformation of geometric models mimics the deformation of 

“real” objects, i.e. objects having mechanical properties 

relative to their material, their shape and so on. 
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As desktop computing power and graphics capabilities 

increased during the 1980's, the graphics community began 

exploring physically based methods for animation and mod-

eling. These methods use physical principles and computa-

tional power for realistic simulation of complex physical 

processes that would be difficult or impossible to model 

with purely geometric techniques.  

Mass-spring systems are one physically based tech-

nique that has been used widely and effectively for model-

ing deformable objects. An object is modeled as a collection 

of point masses connected by springs in a lattice structure. 

The spring forces are often linear (Hookean), but nonlinear 

springs can be used to model tissues such as human skin 

that exhibit inelastic behavior. 

Terzopoulos and Waters were the first to apply dynamic 

mass-spring systems to facial modeling [26]. Furthermore, 

the technique has been used extensively for animation. 

Chadwick et al. combined mass-spring models with free 

form deformations to animated muscles in human character 

animation [27]. Terzopoulos et al. describe a mass-spring 

model for deformable bodies that experience state transi-

tions from solid to liquid [28]. However such kind of 

method suffers of poor stability and huge time consuming.   

As an alternative method, the Finite Element methods 

(FEM) are proposed, where an approximation of a continu-

ous function that satisfies some equilibrium expression is 

used. The deformable object considers the equilibrium of a 

general body acted on by external forces. The object defor-

mation is a function of these acting forces and the object's 

material properties. The object reaches equilibrium when its 

potential energy is at a minimum. 

In FEM, the continuum, or object, is divided into ele-

ments joined at discrete node points. A function that solves 
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the equilibrium equation is found for each element. The so-

lution is subject to constraints at the node points and the 

element boundaries so that continuity between the elements 

is achieved. Unlike mass-spring methods, where the equilib-

rium equation is discretized and solved at finite mass points, 

in FEM, the system is discretized by representing the de-

sired function within each element as a finite sum of ele-

ment-specific interpolation, or shape, functions. 

Although finite element methods provide a more physi-

cally realistic simulation than mass-spring methods with 

fewer node points and it requires the solution of a smaller 

linear system, the applied forces must be converted to their 

equivalent force vectors, which can require numerically in-

tegrating distributed forces over the volume at each time 

step. 

 

• The mixed approaches use both a geometric approach 

and a physically-based approach of the deformation. The 

objective is to get closer to physical behavior while using an 

energetic functional or a mechanical model coupled to the 

vertices defining the geometric model (nodes of the control 

polyhedron/polygon of a parametric surface/curve, vertices 

of a mesh).  

2.2.1 Geometric Approaches 

 

From a rather general point of view, geometric approaches 

deform a curve or a surface through direct or indirect meth-

ods. The first method is to adjust the shape of the objects by 

directly changing geometric details, such as control points, 

weights, knots sequence and meshes so on.  And the latter is 

that the designers control the objects through indirectly 

user-defined constraints changing the immersing space or 



CHAPTER 2.  STATE OF THE ART 

                                                   

22

volume or auxiliary axis.  

 

• Deformation by Direct Vector Control 

 

Many curve researches have been developed in the past. 

Subjecting to some requirement for modification, the curve 

is normally imposed by some constraints; and then the cor-

responding adjustment responds appropriately.  For spline 

curves, such adjustments may involve changing knots, con-

trol vertices, and/or weights (if the curve is rational).  

[29] were the first to describe constraint modification of 

mathematic curves. The properties to modify the curve at a 

designated point include position, tangency and curvature 

while constraining one ore more of the curve’s derivatives 

at one or more selected parametric points, which leaves the 

burden to understand the relation of geometric parameters to 

the users.  

The work in [30] proposed easy edition of B-spline 

curves by cutting and sketching control polygons. In [31] 

they use the knot removal technique to adjust curve shape,  

[32] presents an efficient technique for approximating a pla-

nar parametric curve by a small set of elliptic arcs; they also 

introduce a simple approach to smooth replaced sections of 

design curves with sections of the French curve. This sys-

tem is of great value in simplifying and neatening curve, but 

it would involve in a number of computation, especially it is 

not suitable for the users who without the professional ex-

perience.  
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Figure 2- 7: A cubic B-spline curve. The shape of the curve is 

edited by moving control points [30] 

 

 

 

•  Deformation with Parametric Volume (FFD, EFFD) 

 

 

[33] have proposed a method called Free Form Deformation 

(FFD). The analogy often used to explain the principle of 

this approach is to consider that the objects to deform are 

immersed inside an elastic block having a parallelepiped 

shape. The manipulations of the block produce the deforma-

tion of the objects. Therefore, two steps can be distin-

guished: the deformation of the block which can require 

physics-based approaches to simulate the behavior of a real 

object, and the deformation of the immersed object once the 

new shape of the block obtained. This section simply gath-

ers together the works related to the second step. 

 

1:   Parametric Volume of Deformation (FFD) 

 

The basis of the deformation model is an elastic block, 

called FFD block, represented by a Bezier volume defined 
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by a 3D network of control points Sijk which determines the 

portion of space to be deformed. Thus, a point P is located 

by its (u, v, w) parametric coordinates defining its 3D posi-

tion inside the volume (see Figure 2-8): 
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Figure 2- 8: Free Form Deformation by a parallelepiped [33] 

 

Once the position of the control points modified, the 

new position of the points defining the surrounded object 

can be computed. When deforming a parametric surface, the 

equation (2-1) is applied to the control points of the surface 

to be deformed, whereas it is directly applied to the vertices 

in case of a polyhedral model. In the initial formulation, the 

block is necessarily parallelepiped. The solution is unique. 

Moreover, using a Bezier volume, no discontinuities can be 

inserted and the continuity of the model is preserved.  

 

2: Extended Parametric Volume of Deformation (EFFD) 

 

In order to overcome the limit inherent to the indirect ma-
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nipulations, [22] have proposed a method which enables the 

specification of constraint points directly on the geometry to 

deform. Starting from this set of user-specified points, the 

algorithm computes the new positions of the Sijk.  As a result, 

the displacements generated do not match properly the pre-

scribed displacements since a minimization is used. 

 

   
Figure 2- 9: The deformed lattice and the deformed surface [21] 

 

Several extensions have also been proposed to enable 

the use of more complex blocks [21, 23]. Recently, a new 

method called t-FFD has been proposed for the manipula-

tion of large scale polygonal meshes [35]. In this approach, 

an original shape of mesh or point-cloud is deformed by us-

ing a control mesh, which formed by a set of triangles with 

arbitrary topology and geometry, including the configura-

tions of disconnection or self-intersection. For modeling 

purposes, a designer can handle the shape directly or indi-

rectly and also locally or globally. This method uses a sim-

ple mapping mechanism. First, each point of the original 

shape is parameterized by the local coordinate system on 

each triangle of the control mesh (Figure 2-10.a). After 

modifying the control mesh (Figure 2-10.b), the point is 

mapped according to each modified triangle (Figure 2-10.c). 

Finally, the mapped locations are blended as a new position 

of the original point, and then a smoothly deformed shape is 
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produced. 

 
Figure 2- 10: Deformation steps of t-FFD [35] 

 

Although FFD and EFFD based methods can achieve a 

very variety of deformations, the user is forced to define 

some control points around the space to be deformed and 

then move these control points. This indirect interface may 

be unnatural for some applications. Hsu et al addressed this 

problem and proposed a direct interface that involves solv-

ing a complex equation system [21], but its cost is expen-

sive  
 

• Deformation by User-specified Constraints  
 

This concept of surface deformation by user-applied point 

constraints has been introduced by [36] in the case of n-

dimensional objects. Since this approach has been improved 

afterwards, it seems important to mention its principle. In 

order to simply the explanations, the space will be supposed 

of dimension 3. Let P be a point of the 3D-space in which 
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the object to deform is immersed. The displacement d (P) of 

P is given by the equation: 

  ∑
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Where nc represents the number of constraints, each con-

straint i being characterized by its direction Mi and intensity 

function fi.; When Dj is the user-specified displacement vec-

tor of the constrained point Cj, it comes that:  
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The intensity functions fi being specified for each constraint 

points, the Mi directions have to be computed by solving the 

(3.nc × 3.nc) system formed by the equations (2-3). Thus, 

the deformation of the object can be obtained through the 

equation (2-2) for each point of the geometric model. 

In their approach, Borrel and Bechmann apply this 

principle to the deformation of triangular polyhedral models. 

The deformation functions fi affect the whole space sur-

rounding the object to deform and the constraint point Ci 

correspond to some vertices of the geometric models. De-

pending on the nature of this function (B-Spline, polynomial 

and so on), different local or global behaviors can be ob-

tained. Heterogeneous behaviors could also be obtained 

while specifying different types of functions. Unfortunately, 

their approach requires a structured polyhedral model and 

the toolbox is restricted to point constraints. The continuity 

of the model is preserved.  
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Figure 2- 11: B-spline basis function (a); Computation of 

the distance between Ci and P either in 3D (b) or inside the 

2D parametric space(c) of a surface 

 

Still in the case of polyhedral models, Borrel [37] has 

proposed to improve the previous scheme while adding the 

concept of radius of influence Ri of each constraint i use the 

following functions: 

i
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where Bi is a B-Spline basis function centered at 0 and vary-

ing between 0 and 1. This function is equal to 0 for the point 

Ci and is null for point located outside the radius of influ-

ence. Borrel has also extended the concept of radius of in-

fluence to the three directions of the space. The extended 

radius of influence of the i
th

 constraint becomes Ri = 

t[Rix,Riy,Riz ] and the corresponding function can be written 

 

2

2

2

2

2

2
)()()(

()(

iz

izx

iy

iyx

ix

ixx
ii

R

CP

R

CP

R

CP
BPf

−
+

−
+

−
=       (2-5) 

 

[38] have also extended the notion of radius of influence 

while proposing the concept of super-quadric influence hull. 

More recently, they have extended their constraints toolbox 

while enabling the specification of curvilinear displacement 
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constraints [39]. Using this approach, the displacement con-

straint affected to Ci is defined by a user-specified Bezier 

curve which drives the shape deformation.  

All these concepts have also been applied to the domain 

of parametric surfaces. [40] define a surface S (u, v) result-

ing from the deformation of an initial surface S0 (u, v) as 

follows: 
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As already stated, Mi represents the control vector of the i
th
 

constraint. The prescribed displacement Di is applied at Ci 

located by its (ui, vi) parametric coordinates. The displace-

ment function DLP (u, v) represents how much the initial 

surface is deformed. Using an analogy with the Cao En sur-

face model where a closed parametric surface is defined by 

a mapping from a sphere, or hyper sphere, to a correspond-

ing closed parametric surface; the function of influence fi is 

defined by the equation 2-7. 

The influence radius Ri is defined in the parametric 

space of the surface, which strongly differs from the previ-

ous techniques where this concept is associated to a 3D dis-

tance. As a consequence, the specification of this value must 

be difficult for a neophyte user. 
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Where the blending function Fj are defined by the following 

rule 
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Moreover, when the parameterization of the surface is not 

homogeneous, the part of the surface corresponding to this 

circle can have a shape very different from the one of a cir-

cle. Similarly to the previous approaches using the concept 

of influence functions, the Mi vectors are obtained through 

the resolution of the (3.nc × 3.nc) system coming from the 

constraints specification. In their approach, the constraint 

points can come from the discretization of a target surface.  

A similar approach has been developed by [41]. It dif-

fers in the sense that the displacements are performed ac-

cording to the normal to the surface. The constraint toolbox 

has been enhanced with curve constraints defined by spe-

cific blending functions enabling the treatment of trimmed 

surfaces. 

 

   
Figure 2- 12: Line segment constraint and polyline constraint 

[41] 

 

Meanwhile, another effective work in [42] further im-

proved by to the extent which, not only it conducts to de-

formation of point constraints, but also lines and surfaces 

constraints (Figure 2-12). They proposed a new local de-

formation model based on generalized meta-balls. The user 
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specifies a series of constraints, which can be made up of 

points, lines, surfaces and volumes, their effective radii and 

maximum displacements; the deformation model creates a 

generalized meta-ball for each constraint. 

 

• Axial Deformation (AxDf, SuIf) 

 
In this category of approaches, the object is deformed ac-

cording to specified directions. These directions can be de-

fined either through the use of B-Spline curves that define 

the amplitude of the deformations (AxDf), or according to 

surfaces of influence (SuIf). Axial deformations (AxDf) [24] 

have generalized the idea of 3D axial deformation. To mod-

ify an object, the user creates a curvilinear path represented 

by a B-Spline curve and locates it with respect to the object. 

By modifying the shape of the path, the cylindrical space 

surrounding this path as well as the part of the object which 

is immersed in this space is modified (see Figure 2-13). 

This concept of curves used to deform an object has 

been extended by [25] who have defined the notion of wires. 

Their approach is inspired by armatures used by sculptors. It 

aims at bringing geometric and deformation modelling 

closer together by using a collection of wires both as a 

coarse-scale representation of the object surface, and a di-

rectly manipulated primitive that highlights and tracks the 

salient deformable features of the object. There are two 

stages in the wire deformation process. In the first one, 

which is typically computed once, an object is bound to a 

set of wires. In the second one, any manipulation of a wire 

triggers a deformation of the object. More precisely, an im-

plicit function similar to the one of equation is associated to 

each wire. It is monitored by an influence radius that defines 

whether the shape surrounding the object has to be modified 
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or not and if modified into which extent it has to be modi-

fied. In order to further describe the deformation domain, 

the concept of domain curves is also introduced.  

 

 
Figure 2- 13:  Example of axial deformation [24] 

 

 
Figure 2- 14: The wires deformation technique [25] 

 

One limit of the approach introduced by Lazarus lies in 

the fact that the object cannot be twisted by manipulating 

the axial curve. To overcome this limit, [43] have defined 

the concept of axial curve-pairs. The object is not anymore 

located according to the Frenet local reference frames of a 

single curve, but according to the local reference frames de-

fined by a pair of curves: the primary curve and the orienta-
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tion curve. The orientation curve is an approximate offset of 

the primary curve. Figure (2-15.a) shows the construction of 

a leaf structure and the definition of its axial curve-pairs. 

The main stem can be either simply deformed (Figure 2-

15.b) by modifying the primary curve or twisted (Figure 2-

15.c) by modifying the orientation curve. Each leaf can also 

be   deformed (Figure 2-15.d). Hui’s approach seems well 

suited to the manipulation of objects defined by axis, e.g. a 

leaf structure or a ribbon. Consequently, the use of this 

technique for the manipulation of any 3D object can be in-

adequate and one would prefer the use of Wires. 

 
Figure 2- 15:  Leave pattern deformation [43] 

 

Even if all these techniques, that use curves as input pa-

rameters, are independent of the type of underlying geomet-

ric model, they do not consider the manipulation of hybrid 

models. The continuity of the model is preserved and the 

proposed constraint toolbox is still restricted.  

Skeleton-based shape deformation [44] method propose 

that the direction from a mesh vertex to its corresponding 

skeleton vertex is a good approximation for the normal di-

rection at the mesh vertex; and the Skeleton is a generaliza-

tion of the Voronoi diagram for a continuous curve. This 
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method is well used for global and local deformations.   

 

 
 

Figure 2- 16: The skeleton extraction and the deformation, the 

finger deformation by using skeleton control. [44] 

 

• Surfaces of Influence (SuIf) 
 

[45] have extended the axial deformation concepts to the 

manipulation of objects through the use of two influence 

surfaces. [46] have used a similar approach for the manipu-

lation of objects with a sensor glove. As shown on figure (2-

17), the influence surface H(u, v) is a bi-cubic B-Spline sur-

face interpolating or approximating key data points Qi,j of a 

sensor glove, i.e. finger joints and palm center of the user’s 

hand. By setting up a corresponding mapping between the 

virtual object to deform and the influence surface, the object 

can be deformed with the control of the sensor glove. Each 

point P of the object surface is located according to its pro-

jection P onto the influence surface H0(u, v) corresponding 

to the glove in a position initially planar. Each point P is 

then transformed to a new position Q by the following map-

ping: 

 

      Q = H(up, vp) + dp.N(up, vp)                  (2-8) 
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where N is the unit normal of H(u, v) at (up, vp) and dp is the 

directional distance of P to the initial surface H0. As the user 

bends his/her fingers, the object changes its shape accord-

ingly. Since this formulation is sensitive to the normal varia-

tion of the influence surface, especially if the glove is far 

away form the object surface, the mapping of equation 2-7 

is modified as follows: 

 

Q = H(up, vp) + dp . [(1− α).N(up, vp) + α.N H0]     (2-9) 

 

where N is the normal to the initial influence surface H0. By 

selecting different values of α, the user can achieve different 

effects. Such a control can be either local or global. For lo-

cal deformation, they have introduced a region filter func-

tion which localizes the applying/deformation. 

These approaches enable the manipulation of an object 

surface independently of its underlying geometric represen-

tation. The continuity of the model is preserved. Unfortu-

nately, the manipulations are not curve-oriented. 

 

 
Figure 2- 17: Surfaces deformation using an influence surface 

defined by a sensor glove [46]. 
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2.2.2 Physically-based Approaches 

 
By using those geometric approaches for shape deformation, 

the design process is limited by the expertise and patience of 

the user. Deformations must be explicitly specified and the 

system has no knowledge about the nature of the objects be-

ing manipulated, therefore, the indirect shape refinement 

remains ad hoc and ambiguous. 

To ameliorate the indirect design process, the physics-

based deformation techniques have been further proposed, 

where the deformable models, governed by physical laws, 

dynamically respond to applied simulated forces in a natural 

and predictable way.  

Mass-spring systems are one physically based tech-

nique that has been used widely and effectively for model-

ing deformable objects. An object is modeled as a collection 

of point masses connected by springs in a lattice structure 

(Figure 2-18). The spring forces are often linear (Hookean), 

but nonlinear springs can be used to model tissues such as 

human skin that exhibit inelastic behavior. In a dynamic 

system, Newton's Second Law governs the motion of a sin-

gle mass point in the lattice: 

   ∑ ++−=
j

iijiii fgxxm &&& γ                            (2-10) 

where, mi is the mass of the point, xi is its position, and the 

terms on the right-hand side are forces acting on the mass 

point. The first right-hand term is a velocity-dependent 

damping force, gij is the force exerted on mass i by the 

spring between masses i and j, and f i is the sum of other ex-

ternal forces, (e.g. gravity or user applied forces), acting on 

mass i. 
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Figure 2- 18:  A portion of a mass-spring model. Springs con-

necting point masses exert forces on neighboring points when a 

mass is displaced from its rest positions 

 

 Terzopoulos and Waters were the first to apply dy-

namic mass-spring systems to facial modeling [26]. Waters 

and Terzopoulos later developed a technique to generate fa-

cial models for particular individuals from a radial laser-

scanned image data. And the series of improvement in 

[27][28] are used in different application areas. 

Since Mass-string models start with a discrete object 

model, such a discrete model is an approximation of the true 

physics that occurs in a continuous body, but the lattice 

which turned through its spring constants are not always 

easy to derive from measured material properties. In addi-

tion, the certain constraints are not naturally expressed in 

the model. 

In fact, more accurate physical models treat deformable 

objects as a continuum: solid bodies with mass and energies 

distributed throughout. 

The incorporation of physically-based method with 

continum models in the geometric modeling context origi-

nates from the works of [47] which have been developed 

later by Barr, Fleisher, Metaxas, Pentland, Platt, Qin, 
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Zveliski, Terzopoulos, Tonnesen and Williams in the con-

text of modeling with NURBS. The main idea of this type of 

approach lies in the fact that the deformation of the geomet-

ric model has to mimic the deformation of a real object hav-

ing specific mechanical properties. One can distinguish ap-

proaches using a surface mechanical model (SuDf), those 

using a volumic mechanical model (FFD-D) and those mix-

ing the two (MEF). Like the geometric approaches, this sec-

tion gathers together a brief review of some of the methods 

proposed before 1999, thus enabling a better introduction to 

the new improvements and/or applications that have been 

proposed during the last years. For complementary informa-

tion, the reader should refer to 

 

Deformable B-Spline and NURBS:  
 

The introduction of the deformable B-Spline by [48] has ini-

tialized this concept. [49] have then taken into account lin-

ear constraints whereas [50] have extended this concept to 

hierarchical trimmed surfaces. A deformable B-Spline sur-

face is an extension of the B-Spline model which incorpo-

rates explicitly the time: 

  ∑∑
= =

•=••=
m

i

n

j

ijjnim tSvuJtSvNuNvuP

0 0

)(),()()()(),(        (2-11) 

where the J matrix gathers together the products of the basis 

functions Nim and Njn, whereas the S(t) vector gathers to-

gether the coordinates of the control points Sij (t). 

  The concept of deformable B-Spline has then been 

generalized to NURBS by [51] who have also extended 

their so-called D-NURBS model to the manipulation of tri-

angular patches [52], subdivision surfaces [53] and implicit 

surfaces. Qin has also tested his approach in the context of 

haptic sculpting [54]. More recently, Zhang and Qin have 
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proposed the concept of hierarchical DNURBS surfaces 

[55]. Hierarchical D-NURBS can be seen as a collection of 

standard D-NURBS finite elements, organized hierarchi-

cally in a tree structure and subjected to continuity con-

straints across the shared boundaries of adjacent D-NURBS 

elements at different levels. Even if the proposed constraints 

toolbox seems promising (normal and curvature constraints 

as well as curve and surface constraints, the resulting of de-

formed surface suffers from quality problems (undesired 

undulations appear around the deformation area). Moreover, 

this method is not adapted to the general case of trimmed 

patches. However, the possibility of applying external 

forces onto the geometric model can be considered as a first 

step in the definition of higher level operators conveying 

semantic information, e.g. push and pull operators. 

Formulation of the problem: by applying the La-

grangian formulation to the deformable B-Spline surfaces, a 

second order non-linear equation is obtained: 

 

        pp GFSKSDSM +=•+•+• &&&                  (2-12) 

where Fp are the forces obtained by the principle of virtual 

works given by a distribution of forces F(u, v, t) on the sur-

face, and Gp are the inertia forces that can eventually be as-

sociated. The mechanical model often corresponds to the 

minimization of the energy. The various matrices are then 

defined by: 
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where the functions µ(u, v), γ(u, v), αij(u, v) and βij(u, v), 

generally continuous, are the control parameters of the 

physical model. They can produce several solutions satisfy-

ing the same set of constraints. The specification of these 

parameters can be difficult and some simplifications can be 

required, e.g. the control functions µ, γ, α and β are constant. 

This type of minimization, or a simplified version, has also 

been used in [56, 57]. In their hierarchical formulation of 

the B-Spline deformation, Xie and Farin use the minimiza-

tion of the thin plate energy to solve the often under-

constrained system of equations. Hu et al. have proposed a 

method which uses the minimization of the thin plate energy 

to modify the position of the control points together with 

their as- associated weights. Unfortunately, their applica-

tions are restricted to the deformation of a single untrimmed 

patch, which does not fit the engineering design require-

ments. The work of Zhang et al. is also interesting since it 

enables stretching of panels while preserving the shape of 

some parts of the surface, and particularly the shape of the 

holes as well as the continuity between the various con-

nected patches (Figure 2-19). 

 

 

 

 

 

 

 

 

(a)                        (b) 

Figure 2- 19: Metamorphosis between two planar polygonal 

curves using D-NURBS interpolating surface 
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Resolution of the problem: in general, the equations (2-13) 

cannot be solved analytically and Finite Element Methods 

(FEM) has to be used. Each patch can be seen as a specific 

finite element where the positions of the control points cor-

respond to the degree of freedom of the element. For a sur-

face composed of several trimmed patches, the different    

matrices have to be assembled. In case of NURBS surfaces, 

the computation of these matrices has to be performed at 

each step of the resolution process. 

In FEM, object, is divided into elements joined at dis-

crete node points. A function that solves the equilibrium 

equation is found for each element. The solution is subject 

to constraints at the node points and the element boundaries 

so that continuity between the elements is achieved. Unlike 

mass-spring methods, where the equilibrium equation is dis-

cretized and solved at finite points, in FEM, the system is 

discretized by representing the desired function within each 

element as a finite sum of element-specific interpolation, or 

shape, functions. In the case when the desired function is a 

scalar function ),,( zyxΦ , the value of Φ at the point (x, y, z) 

is approximated by: 

 

           ∑ Φ≈Φ
i

ii zyxhzyx ),,(),,(                         (2-14) 

where the hi are the interpolation functions for the element 

containing (x; y; z), and the iΦ are the values of ),,( zyxΦ  at 

the element's node points. Solving the equilibrium equation 

becomes a matter of determining the finite set of node val-

ues iΦ that minimize the total potential energy in the body. 
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2.2.3. Conclusion 

 

As previously stated, the geometric approaches often re-

quire a polyhedral model as input geometry. In the case of 

parametric surfaces, some discretization and reconstruction 

steps would be necessary. The main drawback of the phys-

ics-based approaches comes from the computation time 

that can increase significantly when manipulating surfaces 

composed of lots of patches. Moreover, the mechanical pa-

rameters can be difficult to set up. 

The approach using the FDM seems to be the best 

compromise between the preservation of the geometry, the 

speed of the deformation process and the easiness of the 

manipulations 

I further propose a new deformation method which im-

proves the FDM by extended constraints (geometric and pa-

rametric constraints in 3D)   

• Based on the FDM and applicable to every type of 

geometric model defined by control vertices (poly-

lines and meshes, parametric curves and surfaces). 

The new formulation enables the simultaneous de-

formation by user’s sculpting operations.  

• The definition of higher level operators has been 

considered in the third part. They should enable 

shape-oriented manipulations of the geometric mod-

els. 
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Chapter 3 

 

Sketch-based Modeling Paradigm 
 

 

 

 

During the last two decades, sketch based free-drawing in-

terfaces, combining the ease of freehand drawing with the 

advantages of computer processing, has been widely 

adopted for creative designing work. Moreover, the adop-

tion of Spline-based free-form surfaces has introduced 

higher complexity in the process of creation and manipula-

tion of shapes whilst providing greater freedom for design-

ers. Therefore, the trade-off between the degree of the free-

dom for hand sketching and the accuracy of the 

understanding of user’s original intention is still a critical 

topic for computer-aided product styling.   

Recent years’ experience suggests that a great im-

provement to design such tools can be introduced by im-

proving their level of “intelligence”; it should be able to un-

derstand the designer’s behavior. That is, they should be 

able to comprehend the users’ actions, the way they identify 

a shape, the way they interact with the drawing tools during 

the design process. Finally such a system should present the 

information consequently provided to the user in a flexible, 

efficient and supportive manner. The aforementioned re-

quirements have fuelled recent years’ research on sketch-
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based modeling systems. These allow the user to quickly 

create 3D models by simple freehand strokes rather than by 

typing in parameters. The systems developed range from 

those pursuing a constraint-based or feature-based approach. 

However, the majority of these systems have been designed 

as further extension of classical CAD tools. They are still 

limited in tedious geometric parametric presentation and 

manipulation. These cannot be used when information at a 

higher, semantic level is to be decoded and manipulated. 

Furthermore these systems propose interaction metaphors 

far from the designer’s traditional approach, typically fea-

turing a top down and stepwise refinement process. We try 

to bridge this gap by proposing a formal theory which mod-

els the process of comprehension of the user’s sketches. 

Such methodology, applied to conceptual designing, is able 

to support the stepwise process of sketching by continu-

ously interpreting the flow of data and constraints generated 

by the designer’s actions. Further the approach developed is 

capable to dynamically adapt to the different users’ styles 

by constantly modeling their personal behaviours. Espe-

cially we further proposed free form surface manipulation 

structures, where we describe how we implement higher 

lever shape control by sequent sketched B-splines, whilst 

the semantic operators, grouped by series of basic geometric 

constraints, provide designers more intuitive shape manipu-

lation concepts. This chapter is organized as follows: we 

first present our general architecture for sketch-based mod-

eling systems (SMBS) that integrates the interface module, 

the user adaptation module and the rendering module. Then 

we will detail the developed interaction algorithm. This is 

based on sketching and features stroke recognition, dynamic 

shape modeling and on multi-user adaptation. Finally we 

detail free form spline-based surface manipulation architec-
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ture, where the sequent sketched splines combined with op-

timised deformation algorithm implement the intuitive sur-

face control [34].  

 

3.1 Sketch-based 3D Modeling Paradigm 

 

We consider the process of sketching as the information 

flow from/to the designer’s brain. For this reason the 

sketch-based system developed had to be able to show the 

evolution of the corresponding designing behaviour by pro-

viding intelligent reasoning of the user’s input. As illus-

trated in Figure 3-1, the proposed architecture for such 

sketch-based modeling system consists of an interface mod-

ule, a user adaptation module and rendering module.   

 

 
Figure 3- 1:  The proposed architecture for a sketch-based mod-

eling system. 
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The interface module provides the interactive behav-

iour and it supports stroke recognition. Since usually the 

raw stroke input information is unclear, the module plays a 

key role for the effective extraction of geometric features 

and constraints. At this stage we analyze the input data, rep-

resented as point and time stamp information, and we obtain 

the speed, length, vertex sets, other object attributes so on. 

Then, based on the evaluation of these features and corre-

sponding fuzzy sets, we assess the shape and save it within 

a shapeList. As illustrated in the class diagram of Figure 3-2 

which shows the main components’ features, as a result the 

system is capable to generate a number of geometric primi-

tives as it is shown in Figure 3-3, which are sent, together 

with other data such as topological information, time se-

quences etc., to the user adaptation module for further proc-

essing.  

 

 

 

  

 

 

 

 

 

 

 

Figure 3- 2: Class diagram for the single stroke recognition 

 

The user adaptation module accepts such basic infor-

mation (e.g. geometric and topological constraints, basic 

geometric entities and time sequences) and it processes it 

through a stepwise refinement process. To do so the module 
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constantly extracts attributes from the latest sketches arriv-

ing from the interface module through a series of real-time 

operations. This data is then transformed according to the 

constraint solving model adopted. This is based on the char-

acteristic features and behaviours typical of the conceptual 

stage. The user adaptation module, which represents the 

centre of the whole system, combines adaptive reasoning 

with dynamic user modeling in order to deal with the uncer-

tainty typical of hand drawn sketches. As a result, the mod-

ule, which takes into account the differences between users’ 

drawing styles, decodes the corresponding design behaviour 

and it inserts its different possible interpretations into a 

ranked probability list. 

 

 

 
 

 

 
Figure 3- 3:  Single stroke recognition. The black strokes are 

user’s free drawing, and our single stroke recognition system 

 

Parallel Intersect Vertical Disjoint 
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automatically generates basic 2D objects such as line, circle, el-

lipse, B-spline triangle and square so on (red shapes)  together 

with the topological information between the sequent strokes. 

 

Finally, the rendering model performs the post-

processing and visualization process allowing the use of tai-

lored representations such as non-photorealistic rendering or 

alike.  

 

3.1.1 Automatic Sketches Identification  

 

In order to deal with the unclarity typical of the sketched in-

put in the initial stages of the designing, we have modeled 

the data flow which characterizes the early design process. 

The process of recognition, which is performed at the inter-

face module level, is made of a stroke and shape recognition 

sub-processes. When each stroke is processed at this first 

stage, the system automatically performs the constraint rea-

soning and matching process according to the different 

characteristics typical of each user’s drawing style.  

The adaptive constraint reasoning process takes places 

at two levels: either by the stoke recognition process (for 

single-stroke identification) or by the combination of stoke 

recognition process and user adaptation module (for more 

complex shape understanding). The latter is responsible to 

compare the information contained in the relevant model of 

the user with the information contained in a database of 

geometric templates organized by parameters and con-

straints. During this process the stroke represents the base 

unit of the response mechanism. When the pen is lifted the 

system automatically reacts by extracting the relevant fea-

tures and, if required, by performing the adaptive reasoning. 

As a result of this first process a graphic object is produced.   
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The details of this process are illustrated in Table 3-1 

where the information on each raw stroke input is repre-

sented by a 4-tuple G (Li, Si, Pi, Vi) where L is the length of 

the stroke, S is the speed, P is the point set extracted, V is 

the vertex set extracted. We also assume that Ti represents a 

graphic object while Ci is a constraint. From Table 1 it is 

possible to see how, during STEP 2, the basic geometric ob-

ject Ti which satisfies a series of specific constraints is re-

trieved through the stroke recognition process. If the user’s 

sketch is not a single stroke (see STEP 4), the constraint 

solving module is called to analyze the history of the previ-

ous strokes and to perform the constraint matching. As a re-

sult the Tm, which represents the most suitable graphic ob-

ject, is selected and used for higher level analysis.  

 

 

Table 3-1: the algorithm based on adaptive reasoning 

 
 

STEP1:  Raw stroke information  G (Li, Si, Pi, Vi), 

STEP2:  Stroke recognition: G (Li, Si, Pi, Vi)→ Ti (Cj)  

STEP3:  If (Single-stroke) then GOTO END. 

              Else GOTO STEP4  

STEP4:  Composite constraint reasoning: Cm (Ti ∧ ΛTi-1 ∧ … T1 

)→ Tm (Tj (Ck), …Tn( Cl), Cm)  

STEP5:  Check Tm  whether it exists in the pre-defined model data-

base: 

        If (!existed ) then INSERT (Tm)  

        Else  if (Continue)  then GOTO STEP1 

        Else GOTO END.  

END:  Results confirmated by user’s feedback and visualization.  
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(a) The prism is generated when a triangle is intersected with a 

line within the predefined circle constraint 
 

 

 
 

(b) The cylinder is formed when a line stoke is vertical and out-

side a circle pre-stroke 

 

 
 

(c) The cone is constructed only if the line stroke is inside and 

vertical to a circle stroke.  
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(d) Once the sequent three strokes satisfy the predefined spatial 

topological and sequence constraints, a polygon volume is 

shown. 
 

 
 

 
(e) The B-spline is constructed by recognizing the actions “Extru-

sion” and “Skinning” based on analyzing the spatial relationship 

between two spline strokes 

  
 

Figure 3- 4: Stroke recognition stage; the geometric feature is ex-

tracted after each stroke. The spatial information and topological 

information is obtained after each pair of strokes; based on the 

matching between the basic geometric features and topological 

information, basic 3d models are constructed.   
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3.1.2 Intelligent Stroke Interpretation System  

 

 

It is known that designers tend to draw shapes through sev-

eral primitive sub-shapes. Likewise they tend to define a 

primitive shape either by a single stroke or by several con-

secutive strokes. In our recognition algorithm, we first dis-

cover latent primitive shapes among user strokes. Then we 

recognize and regularize them and, finally, we show the 

regularized drawing on the screen.  After being recognized 

and regularized, the primitive shapes which belong to the 

same graphic object are grouped together. Eventually they 

are segmented and combined to form an object skeleton.  

In our system the geometric entities are positioned us-

ing parameters and constraints rather than using a specific 

coordinates system. Each time we extract the features’ pa-

rameters from the free-form drawing and then we match 

them on the basis of a probability rank.  

The presence of a high number of shapes increases the 

difficulty of sketch understanding since it can be difficult 

for the system even to assess correctly whether or not a 

shape is completely drawn. Likewise it is essential to make 

the system capable of automatically re-organizing the rele-

vant features when a synchronous editing operation takes 

place. The answer to these issues is provided by the adap-

tive decision-making system which is described in the fol-

lowing section. 
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3.1.3 Adaptive Decision-making for Shape Understand-

ing 

 

The process of shape understanding is grounded upon an 

“ad hoc” internal model which adopts a decision tree to ar-

range and organize parameters and constraints. As illus-

trated in Figure 3-5 the tree contains basic constraints (ge-

ometry primitives, geometric relationships, algebraic 

relationships) as well as high-level features which are com-

posed of basic constraints used for describing the operation 

behaviour. All the features and parameters are arranged 

starting from the low-level constraint layer to a high-level 

feature layer. Sandwiched between these two levels, the 

constraints are cross-checked and shared, until eventually 

the semantic descriptions are attached. 

This is a reversed tree structure where the top level con-

tains the leaf nodes whilst the bottom level holds the root. 

Leaf nodes represent a series of basic geometric primitives 

and constraints. Furthermore, in order to better capture the 

user’s sketching commands, we have adopted an adaptive 

method which adapts the decision tree according to dynami-

cally upgraded user models. Specifically, we set the attrib-

ute of being a “possible shape” to each branch node whilst 

the root represents the final geometric object which is 

reached only when the constraint branches are satisfied. The 

user tree is created to match constraints with the pre-defined 

decision tree of database. As a result if we find that the 

model is not present in the pre-defined decision tree within 

the database, we place the object into the relevant tree as a 

new node. Then the decision tree within the database is syn-

chronously updated. 
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Figure 3- 5:  The structure of the user adaptation module. 

 

An example of this process, illustrated in Figure 3-6, will 

help better illustrate the process. In the illustration the in-

dexes from 1 to 11 refer to different constraints. Specifically 

we suppose that constrains C7, C8, C9, C10 are used to obtain 

general geometrical relationships between graphical objects, 

whilst C1, C2, C3, C4, C5, C6 are used to recognize the geo-

metric primitives. Let T be a geometric object set, which in-

cludes all the nodes in the graph. The raw stroke input in-

formation is represented as a 4-tuple G (Li, Si, Pi, Vi), where 

L is the length, S is the speed, P the point set and V the ver-

tex set. For each single stroke a number of specific features 

are extracted and the relevant constraints are analyzed. As a 

result of this process a number of regularized geometric 

primitives are produced whose relative logic representations 

are listed below:   
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• C0 (L0, S0, P0, V0) → cubic B-spline;   

• C1 (L1, S1, P1, V1) → circle; 

• C2 (L2, S2, P2, V2) → triangle; 

• C3 (L3, S3, P3, V3) → line;   

• C4 (L4, S4, P4, V4) → square; 

• C5 (L5, S5, P5, V5) → rectangle; 

• C6 (L6, S6, P6, V6) → diamond; 

• C7 (X, Y) =(X is overlap to Y) ∧  (X is precede Y) 

∧  (X∈ T; Y∈ T); 

• C8 (X, Y) =(X is parallel to Y) ∧  (X is precede Y) 

∧  (X∈ T; Y∈ T); 

• C9 (X, Y) =(X is vertical to Y) ∧  (X is precede Y) 

∧  (X∈ T; Y∈ T); 

• C10(X, Y) =(X is touched to Y) ∧  (X is precede 

Y) ∧  (X∈ T; Y∈ T);  

• C11 (C8, C9 ) =( C8→Tm) ∧  ( C9→Tn) ∧  ( Tm is in-

side Tn); 

 

We now assume that a decision tree (see Figure 3-6a) 

is already defined in the database. Each node represents an 

object and in particular each leaf node (top-level) is a geo-

metric primitive, whilst each branch node is a possible 

shape (where the index refers to the relevant constraint). For 

instance in the scene T9 (Figure 3-6a, second level on the 

left), where a triangle is adjacent to a circle, the constraints 

such as C1, C2, C10 must be satisfied. This condition is rep-

resented with the notation T9 (T2 (C2), T1 (C1), C10).  This 

way each node can be represented as a multi-tuple Ti (Tp 

(Cj), Tq (Ck), Cn, and i, p, q, j k, n, ∈ integer).  

When the new object T13 is added, a dynamic user 

model is created. First, based on sketched input, we extract 

a series of features in time sequence and then, according to 
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the pre-defined constraints, we create the dynamic tree (see 

Figure 3-6b) and we produce new object information T13, 

which can be represented as T13 (T9, T11, C11). Eventually, 

the new object features are used to update the original tree 

structure (see Figure 3-6c).   

 
(a) Before the new object is inserted (pre-defined decision-tree 

structure) 
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(b) Dynamic user tree for new object T13 

 
(e) The new object T13 is inserted in database 

 

Figure 3- 6:  The process of adaptive reasoning 
 

In order to optimize the whole reasoning process, we 

define the nodes in a pre-defined database as chain struc-

tures (see Table 3-2). Each node is represented with two 

link fields (in Table 3-2 referred to as Pre-Node and Curr-

Node) where the first points to the previous stroke node 

while the second points to the current node. Since the value 

of any link refers to a node’s index, it is possible to find the 

information of a certain node by following the correspond-

ing index. Finally the Constraint field in Table 3-2 defines 

the new node’s condition.  
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Table 3-2:  the structure of the predefined decision-

tree storage structure. 

Index Name Pre-Node Curr- Node Constraint 

1 T1 NULL NULL C1 

2 T2 NULL NULL C2 

3 T3 NULL NULL C3 

4 T4 NULL NULL C4 

5 T5 NULL NULL C5 

6 T6 NULL NULL C6 

7 T7 3 4 C8 

8 T8 2 3 C7 

9 T9 2 1  C10 

10 T10 9 1 C9 

11 T11 2 5 C8 

12 T12 6 6 C7 

 

The specific user modeling and updating process can 

be described according to the following pseudo-code ex-

cerpt:  
 

PROCEDURE: USER MODELING 

 Begin 

P=NULL, /*Initialize a node pointer*/                                         

Stop=0, FindFlag=0 

While (! Stop) 

Q= head   /* head of pre-defined link table*/ 

Accept (T)  /* T: the current node pointer*/                                      

Constraint (P, T) → Cn 

If (P→Pre-Node == NULL) then P→ Pre-Node = T, 

P→ Constraint= Cn 

Else If (P→ Curr-Node == NULL) then P→ Curr-

Node = T 

While (Q! =NULL) 
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 If (Q= = P) then  

   P→ Pre-Node = Q /*set node to prev node*/ 

  P→ Curr-Node = NULL  

  FindFlag=1 

   End while     

If (!FindFlag) then GOTO INSERT(P)/*update table*/                

If (Stop) then END 

End while  

END PROCEDURE 

 

PROCEDURE: INSERT (P) 

Begin  

Q=End /* the end of the pre-defined link table*/                                               

Q=ALLOC (new node); 

Q=P 

 End 

END PROCEDURE 
 

 If we assume that the number of nodes in a pre-defined 

database is equal to n, then the modeling algorithm and in-

sertion procedure are bound by a complexity of O (n). From 

Table 3-2 it is also possible to easily assess the partial struc-

tural similarities between users’ drawing. This is done by 

tracking all the pre-node links. If two nodes have the same 

value then the corresponding nodes will be candidates. For 

instance, assuming that T2 is the first stroke, if the system 

can not extract from the second stroke the exact features 

then, by tracing the Table 2, it is possible to find that T8, T9, 

T11  have the same pre-node link value ‘2’. As a result of 

this, T8, T9, T11 would be offered to the user for selection. 

The whole process would be still bound to O (n).  

  In general, this adaptive reasoning method effectively 

solves the stepwise refinement designing process. In fact the 

approach proposed is truly incremental since each stroke 

links to the information about the previous one and it de-

pends to the constraints defined up to that point.  Further-



CHAPTER 3.  SKETCH-BASED MODELING PARADIGM  

                                                   

60

more the database can be extended through the insertion of 

new constraints and new nodes.  

The dynamic user tree model, which tracks the infor-

mation on the strokes, focuses on the extraction of features 

and matching of constraints, and then it efficiently hides the 

diversity between different users’ input style. When an ob-

ject is finished the tree model is dynamically stored and the 

tree is replaced by the one corresponding to next free-form 

drawing.  

In the following section, we further propose the free 

form surface manipulation mechanism, where we improve 

the parametric geometric control to higher level shape ma-

nipulation. Sets of geometric constraints are grouped to im-

plement functional operations, in order to provide the user a 

more natural and interactive surface creation and modifica-

tion process. 

 

 

3.2 Free Form Surface Manipulations 

 

Designers’ sketching is an activity usually driven by signifi-

cant curves and it is performed in 2D. However, the geo-

metric information extracted from a 2D sketch forms the in-

put for a 3D sketch, where the designer ought to find tools 

to carry on the adjustment of the 3D surface generated to 

his/her intent as it is in his/her mind. Our proposal is to in-

corporate and structure the spline constraints chosen by the 

designers and to develop the function necessary to let them 

adjust the 3D shape by relaxing some shape constraints for a 

user-friendly interaction way. In this way, digital surfaces 

can be directly controlled by sketched splines, making crea-

tion and manipulation。 



INTERACTIVE SHAPE MODELING AND DYNAMIC DEFORMATION 

 BASED ON SPLINE SCULPTING 

61 

 

 

 

 
 

Figure 3- 7：：：：Shape description levels and manipulation tools 

 

 

In fact, effective surface manipulation tools based on 

the specific curves would certainly help designers by pro-

viding functional and aesthetical details.Therefore, the sur-

face behaviors which are important to associate to the spline 

are not only continuity and tangency conditions, but also re-

lated to the shape itself.  

 The bridge between the basic geometric surface ma-

nipulation technique and higher level feature and semantic 

surface manipulation is described in Figure 3-8.  The first 

level directly corresponds to the mathematical model of the 

free form surface defined by many geometric parameters 

(control points, weights, knot sequences, continuity condi-

tions and so on) whose instantiation requires lots of skills 

and time. At this level, the notion of shape is closely associ-

ated to the notion of control points which does not fit well 

with the way stylists and designers think. Since the surface 

mathematical models are quite stable now, nothing new has 

been proposed at this level. The two next levels define the 
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framework of the approach proposed in this document. At 

the second level, a shape is defined through a restricted set 

of geometric constraints (points, curves and so on) the sur-

face has to interpolate. In the proposed approach, the use of 

an adapted deformation technique reduces the time of re-

quired for manipulation but the constraints are handled 

separately without knowing that they concur to the defini-

tion of the same shape. The third level describes directly a 

free form shape as a high level deformation entity defined 

by a restricted set of intuitive control parameters.  

 

3.2.1 3D Spline-based Surface Sketching 

 

Our proposed method supports designer free hand splines 

sketching. The free form splines are automatically recog-

nized and reconstructed as cubic B-splines. A B-spline sur-

face is then constructed by considering the user’s drawing 

style, where the constraints among the sequence of B-spline 

curves are defined with respect to the user’s intention.  Fur-

thermore, in order to provide the user’s stepwise refinement 

operation, the point and curve constraints can be freely at-

tached to the parent surface whilst keeping the specific tan-

gency, continuity and curvature constraints.   

 

A semantic operation links the features to the geomet-

ric representation of the curve and surface. A deformation 

engine based on a curve-based deformation method has 

been implemented, trying to be as flexible as possible, and it 

will be detailed in chapter 6.  

Obviously, the shaded representation of a shape in 

spline sketches is not defining explicitly the corresponding 

3D surface. Hence, the deformation mechanism should pro-
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vide flexiable solutions to the users. Taking into account the 

uncertainty of a sketch around the extremities of lines, Sec-

tion 5.2 presented the tools as intuitive as possible to let us-

ers cope with the uncertainties through free control in 3D 

space.  

 

3.2.2 Higher Level Surface Manipulation 

 

The basic geometric parameter elements are curves, which 

specify the extent of the deformation and help defining the 

shape of the feature.    

For each type of constraint spline, the curve is initially 

continuous and then discretized to reduce the number of 

constraints on the surface to a finite value. Given the num-

ber of points and a distribution law, the positions of the 

sampled points are then defined. These are used to specify 

the behavior of the deformed surface according. 

It has to be considered that several control points influ-

ence both the area inside and outside the specified line. 

Thus, the localized modification of the surrounding surface 

is obtained by several spline sketches. This process is a way 

to simplify the task of the designer rather than requiring 

long and tedious actions to produce a very accurate free-

form surface.  

 Therefore, these sketches, decoded as geometric con-

straints, are used to define the surface behavior.  The goal is 

to produce a solution close to the designer’s needs as fast as 

possible.  

In the following chapters we will detail how we con-

struct the B-spline surface by simply spline sketching and 

how these splines are used to drive the shape variation in a 

predictable way. 
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Chapter 4 

 
 

Curve Sketching and Modification  
 

 

 

In CAD/CAS field, the stylists still prefer to illustrate the 

impulsive and creative mental ideas by using 2D sketched 

curves.  Even if the first digital model is acquired directly in 

3D, curves also have a leading importance in the consequent 

refining process. Therefore, nowadays more and more re-

searches have focused on the technique for high degree free-

form curve creation and intelligent manipulation in order to 

accelerate the designing process. So far authors have al-

ready developed advanced algorithms ranging from manu-

ally geometric parameters control (knot removal, control 

point adjustment and control polygon cutting) to sophisti-

cated tangent, normal and curvature constraints control. 

However, they either require cumbersome understanding of 

the math or involve in huge time consuming for the numeri-

cal computation. Although some works have tried tackled 

sketching-based curve manipulation to improve the user’s 

interaction during the designing process, they are still far 

from being enough intelligent and complete for free form 

curve control. In fact the high degree curve control process 

not only needs the ability of rapidly 3D modeling, but it also 

needs intuitive, powerful modification and manipulation.  
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4.1 3D Curve Sketching and Approximation 

 

 

Earlier works on curves [29, 59] tend to modify parameters, 

such as spline control points or knot values and sophisti-

cated curvature, tangent constraints, and consequently they 

affect the curve’s shape. Although the representation of 

curves matching the constraints of the objects provides per-

fect shape control and useful geometric properties, e.g. C2 

continuity where needed and easy computation of bounding 

surface or volume, the users usually are required to have 

sufficient mathematical background ienabling them to mas-

ter easily the peculiarities of the interaction technique. 

 

Significant achievements in user interaction for free 

curve drawing were made by [60]. The approach is based on 

the fact that graphic designers are usually very good at 

sketching. Using graphics programs, however, much of the 

designer’s concerns are placed on curve representation by 

control points, refinements, etc., instead of creative work. 

Baudel proposed a method by which designers can freely 

modify their drawings by pen strokes. One restriction in this 

approach is that it uses off-line spline curves, which means 

that the edited representations are based on piecewise linear 

curves. Only after an explicit user request (e.g. by pushing a 

button) the program generates tangent G1 continuous Bezier 

curves. Therefore this approach could not be directly ex-

tended to B-spline surface sketching.  Prior to Baudel, 

Fowler and Bartels [29] found a new way of directly ma-

nipulating B-spline curves, by using constrained minimiza-

tion techniques which solve underdetermined systems of 

equations, minimizing 2-norms of the modification. This 

method is inherently dependent on the structure of knot vec-
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tors.  

Banks and Cohen [61] proposed easy editing by B-

spline curves, cutting and sketching control polygons. It still 

means additional work to edit control points, rather than 

curves. However, their examples indicate that editing the 

control polygon by strokes is quite intuitive, although it is 

not as direct as one would like. Zheng and Chan proposed 

deforming a curve, locally matching it with another curve 

[62]. The authors used knot removal techniques [24] which 

increase computation time, and do not guarantee smooth 

shape changes in the transition between the original curve 

and a local modification by the target curve.  

[7 ， 63] proposed methods by which designers can 

freely modify their drawings by simple touch-and-replace or 

projection techniques. They introduce auxiliary surfaces 

sculpting that allows for a reliable interpretation of users’ 

pen-strokes in 3D. However the editing operation is imple-

mented by interpolating, and it cannot guarantee the 

smoothness of surfaces. In addition, it lacks of degree of 

freedom since it is restricted by the auxiliary surface and it 

shows the poor visualization for sculpting operations. 

 In [32] the author further proposed a solution to the 

smoothness of transition intervals for curve local modifica-

tion. However it is not robust enough to guarantee the effec-

tivity in the case of loop curves. 

Indeed when the user is freehand sketching, the result is 

not a basic B-spline or Bezier curve, instead it is arbitrary 

spline, and it becomes more important to fit the fuzzy data 

into geometric curve. In [65] they propose real-time interac-

tion capable to reduce the data incrementally by using knot 

removal method. In [66] an ad-hoc curve splitting method is 

adopted to approximate B-spline within a VR environment, 

but it involves in large computation and the complex pa-
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rameters are not suitable for supporting the intuitive post-

processing in conceptual designing stage.  

We present an innovative method, which is capable of 

automatically approximate imprecise free-drawing curves to 

adaptive cubic B splines base on a dynamic-threshold sam-

pling mechanism. We further propose a stroke-replacement 

local modification algorithm which supports fully free form 

curve modification. Furthermore we improve the smooth-

ness of transition intervals through the definition dynamic 

scaling factors and the constrained tangent features. 

 

Our approach is divided in two stages: imprecise free-

form 3D curve approximation and post-refinement. The 

adoption of an optimal sampling mechanism effectively im-

proves the approximation result. Post-refinement will be 

implemented by intuitive stoke replacement process which 

is so-called “oversketching”. We present a novel solution to 

smooth in transition intervals by using the dynamic scale 

factor and the constrained length and tangent features 

Our system does not put any particular constraint on the 

way the use is drawing sketches. Users can use any pen-like 

input device or even a mouse to freely draw in a virtual 3D 

environment. Each stroke is recoded as a series of coordi-

nates generated by the pen between a single pair of mouse-

down and mouse-up events. The stroke is associated with a 

time stamp to get corresponding speed feature which is im-

portant for extracting geometric features. Once the pen 

stroke is finished, it is automatically analyzed and adapted 

into B-spline. Three steps are thus performed as following: 

 

• 3D sketching input: in a predefined perspective view, 

the user’s freehand sketching is automatically trans-

lated into a series of 3D vector descriptions.  
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• Sampling:    the corner detection algorithm based on 

the analysis of speed, curvature and direction fea-

tures splits the curve into several parts. We then 

adopt a dynamic threshold which combines arc 

length and speed features to obtain optimal sampling 

points. 

• Approximation: the algorithm of approximation 

translates all the sampling data into an adaptive B-

spline.  

 

4.1.1 Dynamic Threshold-based Sampling Method 

 

During the drawing of freehand 3D curve, the corner points 

are very important information for keeping the curve shape.  

Here we adopt two parameters to detect corners: direction 

and curvature. 

When sketching free-form curve, the direction and cur-

vature for each point are automatically computed (see for-

mula 4-1): where dn and Cn represent the direction and cur-

vature of the n-th stroke point respectively, k is a small 

integer defining the neighbourhood size around the n-th 

point, and D (n-k, n+k) stands for the path length between the 

(n-k)-th and (n+k)-th stroke points. We set k to 2 empiri-

cally as a trade-off between the suppression of noise and the 

sensitivity of vertex detection. The “ϕ ” shifts its angle pa-

rameter from −π  to π see Figure 4-1. 
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Figure 4- 1:  An example curve with its direction graph and cur-

vature graph 
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In Figure 4-1 we can find the direction graph where the 

direction angle is shifted from 
2

π
−  to

2

π . However in the 

curvature graph we can easily judge the corner point region 

that are necessary to preserve the shape. 

In fact the freehand sketch is an unsteady movement 

(see Figure 4-2-upper). When the speed is low, it is easy to 

obtain much more sampling points and to understand the 

user’s intension. However, this will certainly produce re-

dundant points, which thus increase the computation effort 

for the next-step B-spline approximation. On the contrary, 

when the speed is high it is good to get smooth shapes but 

the sampling points are few and it would be difficult for 

post-processing too. Therefore, we combine two cases to 

adaptively obtain sampling points. In a similar manner to 

the approach proposed in [59], we discriminate them by us-

ing different sampling threshold. Aiming at the usual low 

speed in corner region and at high speed in other parts, we 

combine the arc-length and speed features to get optimal 

sampling points, as defined by:  

)5.02( +×=
i

avg
i

S

S
roundm                 (4-2)  

 
i

avg
i

S

S
m ×= 7                   (4-3)  

 

where m is the adaptive length threshold for sampling, 

and mi is the distance from (i-1)-th point to i-th point.  Savg is 

the average sketching speed which is defined by the arc-

length and time stamp, and Si is the speed at i-th point (the 

purpose of m is to avoid picking too close points). Consider-

ing the fast speed in non-corner regions we employ formula 

4-3 to control the distance between points; on the other hand 



INTERACTIVE SHAPE MODELING AND DYNAMIC DEFORMATION 

BASED ON SPLINE SCULPTING 

71 

we use formula 4-2 to get sampling points in corner regions 

where the speed is slow.  

 

 

 
 

Figure 4- 2:  (upper) Different densities of samples only corre-

spond to the speed feature. (Lower) The approximated B-spline 

curve without using our optimised sampling mechanism (the red 

line is the freeform sketching. The yellow curve is an approxi-

mated B-spline, and the yellow balls denote the control points).  

 

It is evident that there are more sampling points in 

the corner regions when we only consider the drawing speed 

feature. This thus produces redundant constraints of control 

points (yellow balls) during the approximation process (see 

Figure 4-2-lower), which consequently involves large com-
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putations to generate approximated B-spline curves.  In fact 

the ideal method should achieve better continuity with low 

time consuming. Therefore, we further balance the distribu-

tion of all the sampling points through our dynamic thresh-

old mechanism.  The results are compared in Figure 4-3, 

they demonstrate that the resulting B-spline curve not only 

keeps C
2 

continuity but also produces optimized number of 

control points with the use of our optimised sampling 

mechanism control. In Figure4-3 (a) the first sketch is ap-

proximated into a B-spline by more than 46 control points 

(DOF). In Figure4-3 (b) the similar first B-spline is recon-

structed by only 18 control points with the use of our dy-

namical threshold method control.   

 

 

 
 

(a) Without using our optimized sampling mechanism. 
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 (b) After using our dynamic threshold sampling mechanism to 

optimize the sampling points. 

 

Figure 4- 3: Approximated B-spline based on different sampling 

mechanism. The white lines trace the free hand sketching, and the 

red line denotes the approximated cubic B-spline, red balls repre-

sent the series of control points generating by Carl de Boor's least 

squares approximation method. (a) The sampling points are ob-

tained by only considering the speed feature of hand sketching, 

since there are more sampling points on the corner regions, we 

get more control points too (red balls). (b) By using our dynamic 

threshold sampling method, we can get optimized sampling 

points and keep curve high continuity with suitable number con-

trol points.  

 

 

4.1.2 Adaptive B-spline Approximation   

 

The final result of the complete algorithm is to provide a set 

of mathematical representations of the curves keeping them 

simple for further modification. This is usually done by in-
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terpolating all the data points or by approximating the data 

to get desirable curves.  

It is well-known that hand-sketching is susceptible to 

unsteady and imprecise hand movements of the designers. 

Interpolating all the data generally suffers from excessive 

undulations, especially when the number of data points in-

creases or maintains high continuity, this results in sharp 

“wiggles”. 

Therefore, we adopt the Carl de Boor's least square ap-

proximation method to re-parameterize sampled points, 

where the B-spline is specified by its non-decreasing knots 

sequence and sampled control points sequence. (See for-

mula 4-4, 4-5, and 4-6).  
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where Pi represents the control points, n is the number of 

control points. Here we assume the degree of B-spline p as 

3, and Ni,p are cubic B-spline basic functions over a knot 

vector t, its value ranges from 0.0 to 1.0.  

 Suppose we are given m+1 data points D0, D2, ..., Dm, 

and we wish to find a B-spline curve that can follow the 

shape of the data polygon without actually containing the 

data points. To do so, we need two more input: the number 

of control points (i.e., n+1) and a degree (p), where m > n 
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>= p >= 1 must hold. Thus, approximation is more flexible 

than interpolation, because we not only select a degree but 

also the number of control points. Because parameter tk cor-

responds to data point Dk, the distance between Dk and the 

corresponding point of tk on the curve is |Dk - C(tk)|. Since 

this distance consists of a square root which is not easy to 

handle, we have chosen to use the squared distance |Dk - 

C(tk)|
2
. Hence, the sum of all squared error distances is:   

∑
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Our goal is, of course, to find those control points P1, ..., 

Pn-1 such that the function f() is minimized. Thus, the ap-

proximation is done in the sense of least square. First, let us 

rewrite Dk - C(tk) into a different form:  
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In the above, D0, Dk and Dm are given, and N0,p(tk) and 

Nn,p(tk) can be obtained by evaluating N0,p(u) and Nn,p(u) at tk. 

For convenience, we define a new vector Qk as:  

mkpnkpkk DtNDtNDQ )()( ,0,0 −−=             (4-8) 

Then, the sum-of-square function f ( ) can be written as fol-

lows:  
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Next, we can find out what the squared error distance looks 

like. Recall the identity x
.
x = |x|

2
. This means the inner 

product of vector x with itself gives the squared length of x. 

Thus, the error square term can be rewritten as:  
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Then, function f ( ) becomes  
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How do we minimize this function? Function f ( ) is actually 

an elliptic parabolic in variables P1, ..., Pn-1. Therefore, we 

can differentiate f () with respect to each pg and find the 

common zeros of these partial derivatives. These zeros are 

the values at which function f () reaches its minimum. In 
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computing the derivative with respect to Pg, note that all Qk 

and Ni,p(tk) are constants (i.e., no Pk involved) and their par-

tial derivatives with respect any Pg must be zero. Therefore, 

we have:   
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Consider the second term in the summation, which is 

the sum of Ni,p(tk)Pi 
.
Qk. The derivative of each sub-term is 

computed as follows:  
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The partial derivative of Pi with respect to Pg is non-

zero only if i = g. Therefore, the partial derivative of the 

second term is the following:  
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The derivative of the third term is more complicated, but it 

is still simple. The following uses the multiplication rule 

(f
.
g)' = f'

.
g + f

.
g'.  
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Since the partial derivative of Pi with respect to Pg is zero if 

i is not equal to g, the partial derivative of the third term in 

the summation with respect to pg is:  
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Combining these results, the partial derivative of f () with 

respect to pg is:  
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By setting it to zero, we have the following:  
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Since we have n-1 variables, g runs from 1 to n-1 and there 

are n-1 such equations. Note that these equations are linear 

in the unknown Pi's. What is the coefficient of Pi?  Before 

we go on, let us define three matrices P,Q, N: 

Here, the k-th row of P is the vector Pk, the k-th row of 

Q is the right-hand side of the k-th equation above, and the 

k-th row of N contains the values of evaluating N1,p(u), 

N2,p(u), ..., Nn-1,p(u) at tk. Therefore, if the input data points 

are s-dimensional vectors, P, N and Q are (n-1)×s, (m-

1)×(n-1) and (n-1)×s matrices, respectively.  
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Now, let’s rewrite the g-th linear equation into a differ-

ent form so that the coefficient of pi can easily be read off:  
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Therefore, the coefficient of Pi is  

        ∑
−

=

1

1

,, )()(

m

k

kpikpg tNtN           (4-21) 

From matrix N we can see that Ng,p(t1), Ng,p(t2), ..., 

Ng,p(tm-1) is the g-th columns of N, and Ni,p(t1), Ni,p(t2), ..., 

Ni,p(tm-1) is the i-th columns of N. Note that the g-th column 

of N is the g-th row of N's transpose matrix N
T
, and the co-

efficient of Pi is the "inner" product of the g-th row of N
T
 

and the i-th column of N. With this observation, the system 

of linear equations can be rewritten as:  

          QPNN
T =)(                 (4-22) 

Since N and Q are known, solving this system of linear 

equations for P gives us the desired control points. Then 

these control points Pi are applied to get cubic B-spline 

curve. 

 

 

 4.2 Modification based on Oversketching 

 

Due to the stepwise refinement characteristic in conceptual 

designing stage, intuitive and natural modification operation 

is the most important feature for the fast illustrations of de-

signers’ ideas. We have considered the problem of interac-

tive creation and refinement. An “over-sketching” operator 

allows users to interactively redefine 3D curves through free 

sculpting. 

   The so called “over-sketching” is applied to replace the 

previous pen stroke by a new sketched curve (see Figure 4-
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4). For this, there are generally two modification methods, 

one is the replacement of control points, and another one is 

the replacement of all sampling points. Due to this we al-

ready get optimal control points during the approximation 

procedure, and in order to improve the smooth and flexible 

characteristics of curves, we will detail the local modifica-

tion process based on the replacement of control points. 

During the modification, the important task is to find 

the replacement part in the original curve. We adopt the pro-

jection method to find the nearest projected points from the 

beginning point and the ending point on the target curve to 

the original one (see Figure 4-4).  Where C1 (u) represents 

the original curve, and C2 (u) is the new stroke that would 

be approximated as target curve.   P’s and P’e are the projec-

tions of the beginning point Ps and the ending point Pe, if we 

directly replace the part of the curve '' es PP  with C2 (u), it 

would surly produce sharp breaks (see Figure 4-5). 

 

 

  

 

 

 

 

 

 

 

 

 

 

Figure 4- 4: Oversketching: the yellow curve C2 (u) will locally 

replace the original curve C1 (u) 

 

C1(u) 

C2(u) Transition 1 
Ps 

Pe 

P’s 

P’e 
Transition 2 
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To avoid that, the curve is smoothening the transi-

tion intervals as described in the next part. Then the new re-

vised curve will include three parts, C (u)=C11 (a1, a2 …, 

am) + C2(b1,b2,…,bn)+C12 ( c1,c2,…cr ), where C11 and C12 

are the two parts of the original curve, C2 is the target curve, 

ai, bi, ci  represent series of control points on the curves re-

spectively. 

 

  
(a)                                         (b) 

 
 (c) 

Figure 4- 5: (a) Before modification. The red curve is the target 

curve and the blue one is the previous spline stoke. (b) The curve 

is generated by only replacing the closest control points, and the 

curve leads to undesired undulant effect (c). Applying our length 

and tangent constraints, the resulting curve keeps well smooth 

feature.  
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The whole modification process can be illustrated as fol-

lowing: 

• Calculating the projections: as illustrated in Figure 

4-4 we can obtain the projection points sP′  and 

′
eP from Ps and Pe . Furthermore, we locate the 

nearest control points CTs and CTe on C1 (u). 

• Replacing: the part curve '' es PP  in original curve 

C1 (u) will be replaced by target curve C2 (u). 

• Defining the transition intervals: we introduce a 

dynamic scale factor and tangent features to adjust 

the position of CTs and CTe in order to obtain the 

optimal transition intervals.  

• Re-Parameterizing: based on corresponding con-

trol points we re-parameterize the knots sequence 

and get a new B-spline curve. 
 

4.2.1 The Resolution to Transition Interval 

 

To avoid the sharp beaks in the curve, we adopt two meth-

ods to improve the smoothness: 

• Dynamic scale factors  

• The constrained length d∆  and tangent angel φ∆  

for the definition of transition intervals 

 

In [42] the author proposed a similar scale feature to re-

solve the smoothness of transition parts. However the adop-

tion of an interpolation method results in the whole curve 

sharp undulation. It is ineffective in the case of loop curves 

or more complex curves. We further improve this flexibility 

through an approximation method, which is based on a se-
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ries of optimization control points that we already obtained 

during the recognition process. 

In this method the scale is used for weighting the degree 

of approximation to the target curve, and it is defined as 

float type where the value ranges from 0 to 1. When the 

scale is 0, the original curve will not be modified, and if it is 

set to 1 the new curve will follow exactly all the control 

points in the target curve. This way the revised curve will 

pass through the target curve (see Figure 4-6). 

All the projection distances from the control points in C2 

(u) to C1 (u) are computed (see Figure 4-6). We suppose yi 

is the one control point in C2 (u), the projection distance is 

di, then we can produce the new control point yi’ through a 

scale (see formula 4-23):  

 

y’i = yi – (1-scale) * di            (4-23) 

 

 

(a) The target control point yt is scaled by considering the projec-

tion distance dt and it will thus produce the new control point y’t 
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(b) Before local modification   (c) scale =1 

 

 (d) Scale is varied from 1.0, 0.5 to 0.2 
 

Figure 4- 6:  (a) Scaling the replacement of control points.  (b) (c) 

(d) The examples with different scaling. (c) The dot square indi-

cates the sharp feature of the transition part. (d) It shows three 

modified B-spline curves by varying the scale factor from 1.0, 0.5 

to 0.2.  

 

 

Even if the scale factor adjusts the degree of approxima-

tion to the target curve, however when the distance from Ps 

to CTs or from Pe to CTe, is too close, the hard break would 

still exist (Figure 4-6 (d)). So we further introduce the con-

straints of length d∆  and tangent angle φ∆  to obtain suit-
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able control point CTs and CTe in C1 (u). Consequently we 

can decide the optimal transition regions.  

      M =
n

S

S
round

n

i i

avg
)5.02(

1

+×∑
=                         (4-24)  

            M  ≤∆ d ≤ 1.5 M                               (4-25) 

 

The length d∆  is the distance of ss PCT or eeCTP . It 

is empirically defined as a trade-off that its value should be 

satisfied with between M and 1.5 M (see formula 4-24). M  is 

the mean distance between different neighbour control 

points in original curve C1 (u), where Si is the speed of i-th 

point and the Savg is the average speed of curve C1 (u).  

We further refine the transition interval by adopting the 

constrained feature φ∆  . φ∆  is used for evaluating the dif-

ference of tangent angle between vector ssCTP  and 1−ssCTCT or 

eeCTP and 1−eeCTCT .  For instance, we suppose Ps (x0, y0) is 

the starting point of target curve C2 (u), the corresponding 

nearest control point is CTs (xs, ys) in C1 (u) and CTs-1 (xs-1, 

ys-1) is the previous control point, as described in formula 4-

26. We can obtain the tangent angle difference φ∆ :  

        d1= )arctan(
0

0
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−
; d2= )arctan(
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;    

0 < φ∆ =|d1-d2| <π /2                       (4-26) 

 

During the whole process of defining of transition inter-

vals, we first use the length threshold d∆ to roughly calcu-

late transition region. We then adopt the least deference of 

tangent angle to determine the exact transition intervals.  
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The combination between scale factor and the con-

straints of length and tangent angle provides the effective 

manner to improve the smoothness feature in the transition 

intervals. Furthermore this method is suitable for fully free 

form 3d curve sketching (see Figure 4-7).  

 

    
(a)                                       (b) 

     
          (c)                                     (d)  

 

Figure 4- 7:  The length constrained d∆ (0.8 ≤ d∆  ≤ 1.2) is 

adopted to determine the transitions. (a) The loop curve is used 

for the target curves for the sequent local modification. (b) The 

new curve is constructed, where the scale is equal to 1.0 and it 

keeps well continuity in the transition intervals (in dot squares). 

(c)(d) They show how the resulting curve is changing with the 
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different scale (the upper curve is generated by setting scale to 1, 

the lower one sets the scale to 0.8)  

 

 

This local modification method can be further applied to 

free-form surfaces where the surface boundary is revised. 

The process follows four steps:  

 

STEP1:  free form 3D curves sketching and automati-

cally approximating into B-spline curves based 

on our algorithm. 

STEP2: using GeomFill function to create surfaces 

where the B-spline curves work as boundary. 

STEP3:  adopting our local modification approach to re-

vise surface’s boundary. 

STEP4: creating new surface based on the revised 

boundary. 

 

A large number of experiments has verified the effectiv-

ity of this intuitive operation. Consequently, this further ex-

tends the field of surface modeling by using the approxima-

tion free form 3D curve sketching (see Figure 4-8). 

 

     
(a) Before modification                  b) Scale=0.3 
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           (c) Scale=0.8                  (d) Scale=1 

 

Figure 4- 8:  Modifying the boundary of a surface based on our 

oversketching method 

(1.2 ≤ ∆ d ≤ 1.8)   
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Chapter 5 
 

 

Sketch-based Surface Modeling  
 

 

 

The designer might start surface modeling by using the 

standard parametric design technique, a so-called “indirect 

control”. The designers are required strong knowledge about 

the underlying curve and surface representation, so that they 

can manipulate series geometric parameters, such as the 

control points, knots sequence, derivatives and a serie of 

curve-surface constraints. On the other hand, the designers 

might use freely curve-line drawing to illustrate and edit the 

shapes through what it is so-called “direct control”. The 

modeling tools will then automatically reconstruct the shape 

respecting the designer’s “intention”.  It is evident the latter 

one is preferred by most designers during the conceptual de-

signing stage.  Consequently the sketch-based intelligent 

shape modeling systems have been becoming prevailing in 

CAD/CAS fields. 

So far there are different research works carried on 

about sketch-based systems. However, the current free-form 

shape modeling tools are still far away from generating 

sculpted free-form surface with desired properties by few 

pen-strokes or mouse-clicks. They still can’t effectively ac-

celerate the designer’s creative work process to some extent.  

The creation of complex freeform surface models is still a 

time-consuming and cumbersome procedure.  Here we un-
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derline how we accurately interpret designer’s “intention” 

and how we provide themn with interactive control.  

 

5.1 Constraint-based Surface Sketching  

 

 

As illustrated in Figure 5-1, this system allows users to di-

rectly sketch subsequent pen-strokes in a 3D environment 

(implemented in Open Inventor). These strokes will be 

automatically approximated into cubic B-splines as it is de-

scribed in the last chapter. The conversion of these curves to 

B-spline surface depends on a so-called surface interpreter. 

 

We already implemented robust surface interpreters to 

match a variety of user’s drawing styles. Especially we pre-

sent a dynamical modeling mechanism that provides de-

signer interactive visual feedback during both modeling and 

editing process by using the so-called sensor and dragger 

metaphor. In this sketching system, the spline can be ad-

justed by either using 3D dragger or by an “over-sketching” 

operator. Whenever the spline is changed, the sensor will be 

triggered, and the corresponding surface then is dynamically 

updated. In this way a series of middle resulting models are 

produced, the designer thus has more possibilities to obtain 

desired models.  

In the next sections, I will further describe how the pen 

stroke is interpreted into a 3D description, and how these 

constraint-based B-spline surfaces are effectively con-

structed with respect to the user’s intention.    
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Figure 5- 1:  The flowchart of our 3D splines sketching system 

 

5.1.1 3D Spline Sketching  

 

This system supports freehand splines sketching. It 

takes as input strokes, sketched by using a common 2D 

mouse or a tablet. Each stroke here is drawn on a predefined 

plane, which implies a “paper” for the designer to draw on. 

Such a plane can be added whenever the user wants to 
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sketch more new splines. Meanwhile, each plane can be 

freely controlled in 3D space by attaching a “dragger” 

metaphor (see Figure 5-2 b) that implements grabbing, 

dragging and rotating operations.  

Each pen-stroke results in a set of ordered points on the 

current plane (see Figure 5-2 c), which are automatically 

translated into 3D vector descriptions in the predefined per-

spective view.  Once the stroke is finished, a cubic B-spline 

curve is approximated.  

 

   
 

(a)                             (b)                         (c) 

Figure 5- 2: (a) Sketching (red curve) on a default plane (shown 

with a grid); (b) (c) the sequent splines are interpreted into B-

spline surface, each plane where the spline lies, is controlled in 

3D space by a dragger.  

 

 

5.1. 2 Mapping 2D Sketching into 3D  

 

 

Since the perspective view provides user a more user-

friendly rendering effect, we here defined a perspective 

viewer to map 2D coordinates to 3D (Figure 5-3).  We as-

sume a so-called viewport as the active view region in a 
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display window. The viewport in our system is defined as 

the full window. It can be set either in terms of screen-space 

pixels or as normalized coordinates, where (0, 0) is the 

lower-left corner of the window and (1, 1) is the upper-right 

corner. The definition of the view volume structure is based 

on a perspective camera. In Open Inventor there is a pa-

rameter “AspectRatio”. We can automatically modify the 

view volume based on the aspect ratio of the viewport. It is 

easier to implement in OpenGL too.  

In order to improve the interactivity and effectiveness 

of modeling process, we further adopted a projection plane 

for the designer to draw on. Such a plane can be freely ad-

justed by a “dagger” (see Figure 5-3) in world space. Using 

this plane we can convert from window space (usually 

based on the mouse location) into 3D world space. This is 

done by projecting the window coordinate as a 3D vector 

onto a geometric function in 3-space, and computing the in-

tersection point (see Figure 5-5). Most projectors actually 

compute incremental changes and produce incremental rota-

tions and translation as needed. We mainly use it to write 

3D interactive manipulators and viewers. Our plane projec-

tor projects the mouse onto a plane. Then the given mouse 

event (2D coordinates) returns the point vector in three di-

mensions, and these points are normalized from 0 to 1, with 

(0, 0) at the lower-left.  
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Figure 5- 3:  The perspective view, where the green plane is de-

fined as projected plane in the world space. It can be freely con-

trolled in 3D by a so-called “dragger”. 

 
 

Figure 5- 4: Sketched 2D spline in a screen window is projected 

onto a default plane in the world space. The 2D freehand sketch 

then is transformed into 3D vector descriptions by using the nor-

malized 3D transformation equations (see formula 5-1) 
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Front Plane 

 Projected  
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View Volume 

 
 window 
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Figure 5- 5:  Mapping 2D point P(xp ,yp) onto a predefined plane 

(light blue) to get the corresponding 3D point Ps(x,y,z); when the 

projected plane is rotated along X axis, then the Ps is updated by 

point P’ 

 

 

As it is shown in Figure 5-5, C denotes the camera posi-

tion; the 2D stroke point P(xp, yp) is projected onto a de-

fault plane (light blue) which is parallel to the screen win-

dow in a predefined perspective viewer. The mapped 3D 

point Ps(x, y, z) is calculated by formula 5-1.   As mentioned 

before, each projected plane can be freely controlled in our 

system. Once the projected plane is rotated or translated by 

using the “dragger” metaphor, the 3D mapping point will be 

changed as it is written as following:   

z 

C 

screen 

 d Z 

αααα    
P(xp,yp) 

Ps(x,y,z) P’ (x’,y’,z’) X 
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  In the formula 5-2, we exemplify the case where the 

projected plane is rotated around X axis, and the translation 

is S ( dx , dy , dz );  the P’(x’,y’,z’) then can be calculated. 

As for other cases of 3D transformation we can simply refer 

to the formalized transformation equations in 3D graphics.  

   Each pen stroke thus is automatically transformed into 

3D vector descriptions and they then are approximated into 

B-spline curve as we described in last chapter. These se-

quent B-splines can be used for constructing the correspond-

ing B-spline surface.  In the next section we will detail how 

we construct the constraint-based surface with respecting 

the designer’s intension.  
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5.2 Spline-based Surface Construction 

 

 

The surface interpreters that we proposed support surface 

creation with respect to the diversity of designer’s drawing 

styles. They include the usual modes such as skinning, ex-

trusion, revolving and sweeping modes; besides these we 

also provide our characteristic ways to generate large varie-

ties of 3D shapes by few sketched splines. 

 

1. Geom-filling mode: the designer is allowed to sketch 

two or more 3D curves which serve as the con-

strained boundary of the surface (see Figure 5-6(a)). 

2. Revolving mode: the designer can generate a surface 

by revolving a curve around one axis. First, the de-

signer draws a spline by free hand sketching. Then 

the surface is shown as soon as the designer finishes 

defining the axis. (see Figure 5-6(b))  

3. Skinning mode: the designer sketches a surface by 

using the well-known concept of extrusion. He/she 

first draws a free-form 3D curve, then the curve is 

attached to the pointer and when the pointer is mov-

ing, the process of surface generation starts and the 

shape is immediately shown. (see Figure 5-6(c)) 

4. Sweeping mode: one input spline is interpreted as a 

profile; the second spline is so-called “path”, 

sculpted by further pen strokes inside of an orthogo-

nal plane which is perpendicular to the profile curve. 

In this way, the surface can be obtained by sweeping 

the profile along the path. (see Figure 5-6(d)) 
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(a)                                    (b)  

       
      (c)                                      (d)  

Figure 5- 6: (a) Two sketched curves (shown by set of white 

balls) serve as surface boundaries by using Geom-Filling 

mode.(b) The surface is generated by revolving one sketched 

spline around an axis (green one). (c) Similarly to the Geom-

Filling mode, it is used for dynamically generating a surface 

while the second spline is drawing. (d) The surface is constructed 

by sweeping one profile spline around a “path”.  

 

By using these drawing modes, the designer can create 

many simple models. (See Figure 5-7 a, b)  
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(a)   (b)          

Figure 5- 7: (a) The bottle body and its plug are constructed by 

only two spline strokes using revolving mode; the handle is 

formed by two splines using sweeping mode, the bland (red part) 

is constructed by using skinning mode. (b) The boat model is 

generated by 8 strokes using skinning model.    

 

  

However, in traditional illustrations, the depiction of 

3D forms is usually achieved by a series of drawing steps by 

using few strokes. The designer initially draws the outline of 

the subject to depict its basic masses and boundaries. This 

initial outline, known as constructive curves, usually results 

in very simple geometric forms. 

Our proposed methods are inspired by the traditional il-

lustration methods. We have developed new algorithms to 

facilitate the rapid modeling of a variety of free-form 3D 

objects, constructed and edited from just a few sketched 3D 

splines. And these different surface construction modes can 

be switched by simple hot keys. 
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5. Boundary-based rotation mode: a rotation surface is 

generated by two constructive 3D splines, where 

these splines serve as the outline form. 

6. Rail-based rotation mode: a surface is generated by 

three sketched splines; two closed splines, connected 

by the third curve, serve as a rail; the third one then 

is moving along the rail generating a surface.   

7. Spline-based sculpting mode: The user draws one 

spline as a target curve to affect the curves incidence 

on a selected surface in order to obtain desired shape.  

 

As a result, these B-spline surfaces are constructed and 

represented by a “multi-patch” which is composed of a 

compatible network of parametric curves as it is shown in 

formula 5-3, where numRow and numCol represent the 

number of parametric curves in U and V directions.  C (u) is 

standard B-spline curve, {Pk} are the control points and {Nk,p} 

are the normalized B-spline basis functions of  p degree.  

S (
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i∑
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; )(

1

vC

numCol
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j∑
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);   ∑
=

=

n

k

kpkk
uNPuC

0

)()(
,      (5-3) 

In the following section, we will further describe how the 

constraint-based resulting surface is constructed. 

 

5.2.1The Boundary-based Rotation Surface 

 

This approach combines the surface of revolution and the 

ruled surface to find the parametric description of a bound-

ary-based rotation surface. The two sketched splines are 

used for the outline of the surface. 
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Let Cl (u) and Cr (u) be the 3D B-spline curves (strokes) 

defined by the user. We would like to use Cl (u) and Cr (u) 

as the constructive curves.  Then the surface S (u,v) is gen-

erated by a series of circles between these constructive 

curves (Figure 5-8 a).  

Let A denote the plane where the curve Q (u) exists, the 

curve Q (u) is formed by the midpoint of Cl (u) and Cr (u) at 

each u. Assume that O (u), for fixed u, parameterizes the 

circle perpendicular to A with the centre Q (u) and passing 

through Cl  (u) and Cr (u) as follows: 

 

   O (0) = Cl  (u); O (π ) = Cr (u)                   (5-4) 

          Q (u) = )(
2

1
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1
uCuC rl +                          (5-5) 
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πθ 20 ≤≤ ; jj puQR −= )(  

Here Mi is a transformation matrix which represents the 

position of the i-th plane in 3D space, it is formulated by 

orientation α∆  and translation ω∆   constrains. Then the 

space position of the points on the spline (Cl (u)  or Cr (u)) 

based on each uj can be calculated by this matrix as shown 
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in formula 4.  

Thus for given uj , we can obtain the circle O  (v) , and 

the point P (X’, Y’, Z’) in the circle O (v)  is represented as 

shown in formula 5-6. It also indicates that the point P is 

obtained by rotating the point (X, Y, Z) along the centre Q 

(uj).  

In this way, we can sample a series of points in the cir-

cle by incrementally increasing the angleθ . We then get all 

the sampling points through varying uj from 0 to 1 (see Fig-

ure 5-8 b). 

 

 

                                                    
  

(a)                                  (b) 

Figure 5- 8: (a) The constructive curves and circles. (b) The sur-

face is generated from interpolating all the sampling points in the 

circles. 

 
 

As mentioned before, each plane can be freely adjusted 

by a 3D dragger, which provides the orientation and transla-

tion control by user’s dragging and rotating. When the sen-

sor attached to each plane detects any change, the corre-

sponding spline existing in the plane will be recalculated 

(see formula 5-7), and the incident surface is then updated 

accordingly. 

 

Cr (u) 

Cl (u) 

Q (u) 

pj 

 R 
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Based on the parameterized circles O (v) we interpolate 

a series of 3D points sampled from these circles to obtain 

adaptive B-spline surface.  As it is shown in formula 6, each 

NURBS curve interpolates (m+1) data points {Qk}, we as-

sume that the knot vector U is defined by U= {0,0,...,0, 

up+1,…, um, 1,1,…,1}. 
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  Then, once a common knot vector is selected for each of 

the u and v directions, interpolating of a set of (m+1) 

× (n+1) array data points {Qk,l},(k=0,…,m; l=0,…n} by a B-

spline surface can be accomplished by applying the tech-

nique of B-spline curve interpolation (formula 5-8) twice. 

The corresponding least squares approximation method has 

been described in the last chapter. 

This boundary-based rotational surface approach can 

create a variety of models (see Figure 5-9) due to its similar-

ity with user’s traditional drawing style, and these surfaces 

absolutely respect the user’s intention. Furthermore, when 

the constructive curves have corner points or sharp features, 

the final surface will also well keep sharp features and rota-

tional creases. 
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Figure 5- 9: The apple and candle are formed by four and six 

splines respectively by using boundary-based rotation method. 

 

5.2.2 Rail –based Rotation Surface 

 

The surface is formed by the motion of a curve along a rail. 

Here the user draws two closed curves C1 (v) and C2 (v) as a 

rail, and the third curve C3 (u), connecting with these two 

closed curves, is moving along this trajectory to construct a 

rotational surface (see Figure 5-10). Comparing with the 

boundary-based rotational surface approach, this method 

further respects the designer’s conventional drawing style 

by using a sequent outlines to construct free form 3D ob-

jects. It then provides more possibilities for shape control 

through using simple “over-sketching” operator (see Figure 

5-10). 

 

ppiMpp ′=•′
00 ;    )()(3 uiCiMuC =•          (5-9) 

 

We define an axis OO’ by the center of the bounding 

boxes of these closed curves. For any given angleθ , we can 

obtain the corresponding points P (v) and P’ (v) in curve C1 

(v) and C2 (v). The Matrix Mi then implements the transfor-
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mation from line P0 P’0 to line PP’. As a result we can ob-

tain the new curve Ci (u) by applying this transformation 

matrix to curve C3 (u) (see Formula 5-9). The surface S (u,v) 

is finally constructed by interpolating series of transformed 

curves Ci (u).  

This approach can be used for creating large number of 

cylindrical objects (see Figure 5-10). And it is more flexible 

than single rotational surface generation, since these 

sketched outlines can precisely lead to the user’s expected 

shape. Moreover, it is much easier to support the restyling 

process by simply using our “over-sketching” operator. 

 

  
(a)                                       (b) 

         
(c)                        (d)                   (e)                 

        

P0 

P 

P’ 

C1 (v) 

C2 (v) 

C3 

(u) 

Ci (u) 

θθθθ    

O 

O’ 

P’
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Figure 5- 10: (a) (b) Rail-based rotational surface (c) (d) the skirt 

model is created by user's spline strokes; (e) one spline is locally 

modified by simple oversketching, and then the surface is 

changed as well. 

 

 

5.2.3 Spline-based Surface Sculpting 

 

In order to efficiently support designer’s restyling process, 

we present an approach to drive the shape changing by sim-

ply sculpting few splines on the surface.  

The method adopted to manipulate a surface usually 

makes use of incident curves. The parameterization of a B-

spline surface S and the curve G in the domain of S can be 

described as H =S (G), where H denotes matrices of 3D 

control points of the curve G. The 3D sketched curve H’ 

(which serves as a shape parameter) is mapped to this sur-

face. Then the control points of this surface, which satisfies 

H’ = S (G), can be determined as a solution of a system of 

linear equations. However it involves huge computations to 

determine the rank of the system matrix. 

In our system we instead propose an adaptive discreti-

zation approach where the continuous curve-surface inci-

dence problem is discretized by considering point-surface 

constraints ordered along given 3D curve. Firstly the 

sketched target spline H’ is interpreted in an auxiliary plane 

and then it is transformed into key points 

set )()(

1

Hkk i

m

i

i ′∈∑
=

, where “m” is the number of the key 

points. They will impose external forces to the surface S 

(see Figure 5-11 left) along the normal vector Nt; meanwhile 
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the determined projection point set )()(

1

SQQ j

m

j

j ∈∑
=

 on the sur-

face S serve as the sensitive springs which will be relocated 

by responding to these forces. The resulting surface is fi-

nally obtained by interpolating all the revised vertices (see 

Figure5-12).  

 

                           

  
 

Figure 5- 11: (Left) the. ki is the key point which imposes the ex-

ternal force f to the curve. (Right) An example shows the patch is 

sculpted by a target curve, where the target curve exactly lies on 

the surface.  

 

 
(a)                                     (b) 

     P 

f ( ki , p) 

       Deformed 

          Curve 

 

Original Curve 



INTERACTIVE SHAPE MODELING AND DYNAMIC DEFORMATION 

BASED ON SPLINE SCULPTING 

109 

 
(c)                               (d) 

 
(e)                                 (f) 

 

Figure 5- 12:  Spline-based surface sculpting (a) The user sculpts 

a target spline on a selected surface. (b) The surface responds to 

the target spline. (c)(When the target curve is over sketched by 

user,(d) the surface is changed as well.  (e)(f) One more example 

with different target spline.  

 

 

In the next chapter, we will detail how we effectively 

distribute the forces among the surface, how we manage ge-

ometic constraints to implement intuitive surface deforma-

tion.   
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Chapter 6 

 

 

Physically-based Surface Control  
 

 

 

Geometrical methods, where individual or groups of control 

points or shape parameters are manually adjusted for shape 

editing and design, mainly rely on the mathematical skill of 

designer. A perceptually simple change might require ad-

justment of large of geometric parameters. Thus they are 

limited by the expertise and the patience of the user. Re-

searchers have instead explored ways to add physical behav-

ior to the traditional geometric modeling primitives, particu-

larly parametric surface patches. Those methods use 

physical principles and computational power for realistic 

simulation of complex physical processes and intuitive 

shape manipulation that would be difficult or impossible to 

model with purely geometric techniques.  

The deformation process starts with various geometric 

models connected together with parametric constraints in 

3D space. These constraints, encoded as user-applied sculpt-

ing forces that modify the surface in predictable ways, im-

pose the physical effects on the deformable models.  

In our system, for each geometric model, a bar network 

is built from its control vertices (see Figure 6-1). The set of 

external forces on the bar network deforms the model ac-

cording to the geometric and parametric point’s constraints. 
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The minimization of the variation of the external forces has 

been also used; as a result the least possible adjustment to 

the control vertices is involved. The resulting object is fi-

nally obtained by such an adjustment of the control point 

network.   

 

   
 

 

 

Figure 6- 1:  The control point’s network of curve and surface, 

where the external forces are produced by user-applied con-

straints.  

 

Our deformable model is coming from the method for 

sketching B-spline surface which is specified in the last 

chapter, in order to improve the deformation process, we 

represent our surface as a multi-patch structure, where the 

surface is composed of a compatible network of parametric 

curves as it is shown in formula 5-3,  

  Then each external force produced by user-applied pa-

rametric constraints only imposes the energy along one 

curve which is decided by combining least squares distance 

method (SDM) and our curve-determination approach as 

they will be detailed in the following sections. The corre-

sponding parameter vectors (control vertex) on this curve 

will be adjusted, and the methods for constrained optimiza-

tion are used to find a state vector that minimizes the energy 

while satisfying the constraints. Those updated control ver-
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texes consequently produce new constraints to the involved 

curves. In this way the surface manipulation is converted to 

the corresponding curves control.  

Therefore, we first specify how the constraint-based 

minimization method works for the direct curve control [29].  

 

6.1 Direct Curve Manipulation 

 
Direct curve manipulation is an attempt to make curve con-

trol more user-friendly. The user is allowed to select any 

points on the curve and to apply parametric constraints, such 

as the single position constraint, distance constraint and tan-

gency constraint. The program then automatically transfers 

them into external-force constraints to adjust the control 

vertex positions. 

Since a typical curve depends upon m + 1 control verti-

ces, P0; P1 ; . . . ; Pm, once the constraints are  imposed, 

there are something like m degrees of freedom left unspeci-

fied, providing no unique solution to the problem. In such a 

case, we shall resolve the ambiguity by requiring the least 

possible adjustments to the curve's control vertices in some 

metric. To be more specific, let: 

                          )(

0

uNdP n
i

m

i

ii∑
=

+                       (6-1) 

represent the curve after modification. Modifications are 

specified by requiring a target functional, φ; e.g. to achieve  

a minimum [curve-constraints manipulation] 

][
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iiφ                              (6-2) 

Constraints are specified by constraint functionals fj; j = 

0; . . . ; c and constraint values γj. 
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 A least adjustment will be given by a metric µ and the 

requirement that 

µ(d0，. . . ， dm) = min. 

We shall restrict the generality to a further degree by 

requiring that φ is linear attaining a specified value, that 

only linear equality constraints are present, that µ be 

                    ∑
=

==

m

i

imo ddd

0

2

1

min)(),...,(µ                       (6-4) 

where •  represents the ordinary Euclidian norm, and 

that there are no more functionals than control vertices. 

With these restrictions, and with the assumption that the 

functionals are all linearly independent, a unique set of di 

exists. In this setting, φ need not be distinguished in any 

way from the fj , since all are linear and each is required to 

attain a specified value. Thus, we shall consider finding 

d0， . . . ， dm. 
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The j
th

 equation of (6-5) can be rewritten as: 
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))((γβ  

or, more compactly in matrix-vector notation: 

 Fd =b                                     (6-6) 

Since we have no more functionals than control vertices, 

F will be square, or it will have fewer rows than columns 

(the usual case). The linear independence of the fj implies 
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that the rows of F will be linearly independent.  Usually 

some of the fj take on the value γj for the original, unmodi-

fied curve, and correspondingly 0=jβ . To find a solution to 

(6-6), we write d in terms of mutually orthogonal compo-

nents, one in the row space of F and the other in the null 

space of F [15]:  

                               d = F
T
v + z                                       (6-7) 

b= Fd = F(F
T
v + z)=FF

T
v +Fz = FF

T
v 

                                v = (FF
T
)
-1

b                                    (6-8) 

 

The components of z constitute parameters irrelevant to 

the system, yet they contribute to the length of d, so we ob-

tain the minimum length solution to (6-7) when setting z = 0. 

Substituting (6-8) into (6-7) with this setting it leads to:  

 

d = F
T
 (FF

T
)
 -1

 b 

 

where the matrix FF
T
 is nonsingular under our assumption 

that the rows of F are independent.  

Since the inverse of F̂ = FF
T
 is given by adj( F̂ )/det( F̂ ), 

where adj( F̂ ) is the adjoint matrix of F̂ , this solution can be 

re-expressed as 

                         d = F
T
 adj( F̂ )b/ f̂                                 (6-9) 

Where f̂ = det ( F̂ ). By letting Fi and Fj denote the i
th 

and 

j
th

 rows of F, the i , j
 th

 element of F̂  is jif ,
ˆ  = Fi · Fj . The co-

factor constituting the i , j 
th 

element of adj( F̂ ) will be de-

noted by αi,j , these cofactors may be expressed compactly 

in terms of the elements of F̂ . If these constraints are to be 

applied during interactive manipulation, we divide the solu-

tion into a preprocessing stage and an iterative stage. In the 

preprocessing stage we compute C = F
T
 adj ( F̂ )/ f̂ . The 

iterative stage consists merely of multiplying a sequence of 
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b's by C to obtain a sequence of d's. Only those columns of 

C corresponding to nonzero components of b need be com-

puted. The preprocessing stage is performed at the begin-

ning of an interaction, while the iterative stage is applied 

throughout the interaction. 

 A system composed of a single constraint is given by: 

F0 d = β0 

the solution for this system is: 

                                   d = TF0 β0/ 0,0f̂                                (6-10) 

At a given point u on the curve, (6-10) can be used to con-

strain position, tangency, or a higher derivative by setting 

the i
th

 component of F0 equal to the value or appropriate de-

rivative of )(uN n
i evaluated at u. However, the position of the 

curve at u will vary if any derivative is constrained. Figure 

6-2 illustrates one single position constraint is applied on 

curves, while higher derivatives are free to vary.  
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whose solution is: 

   d= [ ] fffF
TT ˆ/ˆˆ

10,01,0 β−          (6-12) 
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Likewise, for the three constraints:  
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Where  

                      d= [ ] fF
TT ˆ/22,22,12,0 βααα                 (6-15) 
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(a)                                        (b)  

  
 (c)                      (d) 

Figure 6- 2:  One position constraint is applied to the curve while 

higher derivatives are free to vary (a) a positional constraint is 

applied to the free point Epi by user’s dragging process. (b) As a 

consequence, this entity can adapt its position to further minimize 

the corresponding adjustment of the control vertices (dot poly-

line). These control vertices can be defined either as “free” or 

“blocked” states to implement local deformations. In this case, 

the beginning and ending control points (blue balls) are blocked, 

and others are free to vary. (c) and (d) show the curve is passing 

Initial 

curve 

Target 

curve 

Epi   

(free)  

E’pi 

Point position 

constraint 

Modified control 

points network 

Blocked Blocked 
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at the new point and the control vertices are changing to the least 

possible extent.   

 

In Figure 6-3, we illustrate how the user-applied 

multi-constraints are iteratively performed for the complex 

curve manipulation, where the curve is applied an orthogo-

nal distance constraint, the tangency and position are vary-

ing while preserving the orthogonal angle between two 

points.  

    
                  (a)                                             (b) 

  
 (c)                                    (d) 

Figure 6- 3: (a) It shows the application of a triple constraint at 

free points Ep1 and Ep2. The tangent direction and the position are 

varied while varying the distance d0 and preserving certain or-

Tangency 

Constraint 

Ep2   

Ep1 
Distance Constraint 

 d0 
X 

 

1.2* d0 

  



CHAPTER 6. PHYSICALLY-BASED SURFACE CONTROL  

                                                   

118 

thogonal angle between Ep1 and Ep2. (b) The curve is deformed by 

applying orthogonal distance constraint 1.2d0 between two free 

points. (c)(d) They illustrate the adjustment of the corresponding 

bar network of control vertices.  
 

 

6.2 User-applied Constraints for surface Control  

 

The user may freely attach a variety of features, such as 

points and flexible curves, which then serve as handlers for 

direct manipulation of the surface.  

The constraints applied for surface modification can be 

classified as following:  

 

� Point position constraint: it constrains any 

point on a surface to interpolate any point in 

space (see Figure 6-4 a).  

� Point normal constraint: it constrains the direc-

tion of the normal at any point on a surface to a 

point in any direction (see Figure 6-4 b).  

� Curve position constraint: it constrains any 

curve within the surface to interpolate a curve 

in space (see Figure 6-4 c).  

� Curve tangent constraint: it constrains the sur-

face tangent across any curve in the surface to 

point in a given direction. A combination of 

the curve position and curve tangent con-

straints fixes the surface normal along the 

length of the curve constraint (see Figure 6-4 

d). 
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� Distance constraints: the two surface points are 

constrained by a certain distance constant.  

These constraints are further specified in Table 6-1, 

where Pc and Ps denote the general position vectors on the 

curve and surface. Likewise, the tc and ts are corresponding 

tangent vectors, n represents the unit of normal. The third 

column shows if the constraint is linear or not.  

 

 

       
(a)       (b) 
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Figure 6- 4: (a) Point position constraint: the target space point 

P0 imposes force constraint to the point Ps on the surface. (b) 

Point normal constraint: where the normal ns of the point Ps on 

the surface is constrained by the target point Pc and the normal nc 

by satisfying parallel or orthogonal or specific angle relations. 

(See Table 6.1) (c) Curve position constraint causes a curve 

within a deformable surface to approximate the shape of a curve 

in space. The target curve Cm and the corresponding curve Cs on 

the surface are discretized into a set of points, then the curve on 

the surface is going to interpolate all theses target points. In this 

way the curve constraint is converted into set of linear point posi-

tion constraints and tangent constraints. (d) The curve Cs on the 

surface is constrained by the target point Pc and the tangency tc. 

As a result the resulting curve Cs keeps the tangency ts∧tc =β, 

whereβ is a user-defined constant. It thus causes the incident sur-

face deformed.  

 

 

Table 6-1 the definitions of various constraints  

 

Constraints Equation Linear 

Point position 0),()( 221 =− vuPuP sc  Yes 

Tangency 

1. Parallel 

2. Arbitrary value β  

3.  Orthogonal 

1. 0),()( 221
=Λ vutut sc  

2. 0),()( 221
=•− vututc β  

3. 0),()( 221
=• vunut sc  

1. No 

2. Yes 

3. No 

 

Normal Direction 

1. Coincident  

2. Angular α  

 

1. 0),()( 221 =Λ vunun s  

2. cos(),()( 221
=• vunun s

 

 

 

1. No 

2. No 
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Distance 
),()(

2

221
−− dvuPuP sc

 

Yes 

With deformable modeling, users can add any combina-

tion of the above constraints to a deformable model at run 

time. Constraints can be applied to individual points within 

the surface or may be applied to curves within the surface. 

 

6.2.1 Point Constraint 

Any number of points in a deformable model may be simul-

taneously constrained. A point constraints location in a de-

formable model is specified by a parametric location, e.g. a 

uv point. For deformable surfaces, the current set of shape 

properties that can be constrained by a point constraint in-

cludes position and surface normal direction. Point con-

straints have the ability to track. For example, the image 

space position of a position point constraint can be moved 

and the deformable model is automatically deformed to 

track the motion of the point (see Figure6-5 c-d). 

 

 

      
                               
               (a)                                             (b) 

 p 

nk 

t 

f (kt p) 

Qi,j  
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 (c)                                        (d) 

Figure 6- 5:  (a, b) One point position constraint f (kt,p) produced 

by point kt. In this case we blocked all the other control vertices 

except for the closest vertex Qi,j. (c, d). One dragger is applied to 

provide the tracking of the point’s movement which produces a 

sequence of deformation results. 

 

As it is shown in Figure 6-5, the decided projection 

point P is the one whose normal is coincident with the target 

normal nk (
0=Λ pk nn

). Then the closest control vertex Q is 

obtained by using the least squares distance method. Since 

we defined our surface model by U, V iso-parametric curves, 

the force energy is consequently distributed along these 

curves. 

Assume that the point constraint is imposing the forces 

on the selected curve along U direction first (see Figure 6-7 

a). Then the updated control vertices of Q’su, sv  and Q’su+1,sv 

(orange balls) serve as new distance constraints to produce 

the forces to the corresponding curve along V direction re-

spectively.  

Therefore, the k step point constraint’s optimization can 

be described as: 

                              ][kd = Tk
F

][
0

][
0
kβ  / ][

0,0
ˆ kf                           (6-17) 
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In the preprocessing stage we compute ]0[d  = T
F

]0[
0

]0[
0β / ]0[

0,0f̂ , 

where the ]0[
0F  is equal to the value or appropriate derivative 

of svV
numCol
i uN =Φ)( evaluated at u, and the numCol is the 

number of control vertex on selected parametric curve 

svV =Φ   (see Figure 6-6 a). 

The iterative stage ( numRowk ≤≤1 ) is preceded due to the 

updated control vertices (Q’i,sv =Qi,sv +
]0[

id ;  Q’i+1,sv=Qi+1,sv 

+ ]0[
1+id ;  ….).   

                 ][
0

kβ = Q’k,sv ; 
][

0
k

F = k
U

numRow
i uN Φ)(           (6-18) 

k
UΦ  is the k

th
 curve along the V direction, while 

k
U

numRow
i uN Φ)( denotes the value of )(uN numCol

i  on the curve k
UΦ .  

In this way we can compute all the optimal control-point 

positions of the deformable surface. The point constrained 

surface can be finally reconstructed by numCol times curve 

optimization process.  

 

 

 

 

 
           (a)                                          (b) 

U 

Qsu,sv 

V 

V 

U 

Impose one point con-

straint along this curve 

(U direction) 

Impose two distance con-

straints on the curves 

along V direction 
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P(0,1)) 

P(0,0)) 

P(1,0) 

P(1,1) 

Figure 6- 6:  Point position constraints are first applied to the 

curve along U direction (orange polyline); (b) the updated new 

control vertices will produce new distance constraints to the 

curves along V direction respectively, while the boundary control 

vertices are blocked.  

 

Likewise, we can also handle the point constraint along 

V direction first, then the optimization process will be re-

cursively proceed numRow times. 

Our method supports point position, point tangent and 

curvature constraints on the deformable curves. This means 

that the curve can be made to deform to exactly interpolate a 

point position or a point tangent.  This combination can be 

seen in equations (6-12, 6-13, and 6-14), which is able to 

impose a set of constraints simultaneously while still de-

forming a curve to remain fair. Figure 6-7 illustrates the lo-

cal point constrained surface and global constrained surface.  

 

(a)                           (b)                          (c) 

Figure 6- 7: (a, b) Single point replacement for local deformation 

where only one control vertex is free, others are blocked. (c) 

When all the control vertex nodes are free to vary, it implements 

global deformation.   

Point Constraint 
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Under these constraints the behavior of physical ob-

jects provide the user with a familiar metaphor for modify-

ing shape with forces in an intuitive manner: surfaces can be 

pushed, pulled, and inflated to get desired shapes.   

 

6.2.2 Curve Constrained Surface Deformation  

 

We further adopt curve constraint to impose continuous 

forces on the surface; such a curve-driven method provides 

designers with more intuitive shape control just as sculpting 

in the deformable models (see Figure 6-8).   

I propose an adaptive discretization approach where the 

continuous curve-surface incidence problem is discretized 

by considering many point-surface constraints ordered along 

a given 3D curve thus improving the accuracy and validity 

of surface generation. During the implementation we further 

present a fairness measure in order to obtain the effective 

key points from the sketched target spline which serve as set 

of force constraints. Finally we demonstrate the distribution 

of adaptive forces among a “parent surface”. 

Departing from what described in [32], our algorithm 

supports more interactive shape control through user-

applied sketching operations. Especially we have optimized 

the spline-driven deformation process by using adaptive 

force distribution instead of evaluating every vertex in the 

parent surface. We optimize the forces only to the corre-

sponding curves in U or V direction by predicting the mo-

tion tendency of the target spline. Those renewed control 

vertices further serve as new point constraints to symmetri-

cally distribute the energies along corresponding curves.   
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(a)                        (b)                         (c) 

 

   
 

(d)                     (e)                            (f) 

Figure 6- 8:  (a,b,c) The cap model is deformed by one curve. 

The discrete points impose the full forces on the surface, where 

the “stiff” (force density) is set to “1”, so the surface exactly in-

terpolates all the target points. (d,e) Without a predefined local 

region the key points in the target curve (blue balls) produce force 

springs in the cup surface and only impose strain to these sensi-

tive springs, where the stiffness is set to “0.8”. (f) With the prede-

fined local region, the force’s influence can be well localized 

while setting the force density to “0.5”. 

 

 

6.2.3 Force f (kt ,p)  

 

The target curve  )(uψ  is first discretized into set of kt as key 

points (see formula 6-19), where m is the number of key 



INTERACTIVE SHAPE MODELING AND DYNAMIC DEFORMATION 

BASED ON SPLINE SCULPTING 

127 

points which is adaptively determined in our system as it is 

shown in the following pages. Since our system supports in-

teractive curve and surface manipulation as aforementioned 

in last chapter. So we introduce a dynamic factor A to detect 

the state of current target spline which is formulated as a 

transformation matrix through the orientation constraint 

)( α∆R  and the translation constraint )( ω∆T . Whenever the 

target spline or a surface is adjusted in 3D space by a drag-

ger, it will be used to dynamically update the forces f and 

then to redistribute the effect of these forces on the resulting 

surface. This way a number of shape variations are available 

to users.  

 The D (kt) is the distance between the projection point 

p(u,v) on the surface and kt. Such a point and distance con-

straints impose the force f (kt, p) to the corresponding pa-

rameter curve. λ  is a user-defined constant, that represents 

the force stiff (density) which evaluates the degree that the 

surface approximates to the target curve.  

                    Aku
ttt uzuyuxt

m

t

•=∑
=

)()(
)(),(),(

0

ψ                   (6-19) 

))(),(( αω ∆∆= RTA  

 )(),( ttt kDpkf λ=  ;10),()()( ≤≤−= λvupukkD ttt    (6-20) 
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=
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, uNdQfuCF pi

num

i

ijitt                  (6-21) 

We finally suppose ))(( uCFt as the force’s influence on a 

curve C (u) along U direction, where m represents the num-

ber of control vertex in this curve C (u). The optimized 

function is then adopted to distribute the energies among 

these vertices (see formula 6-21) which refer to the curve 

manipulation procedure as aforementioned.  
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6.2.4 Bound Curve  

 

In order to precisely localize the influence of the external 

forces onto the original surface, we proposed a so-called 

bound curve supporting interactive definition of the defor-

mation region by user. The bound curve φ (u, v) is a 

sketched closed curve in 3D space. If the surface vertex Qi,j 

lies inside the bounding curve, E (Qi,j) is equal to 1 and it 

can be influenced by force constraints. Otherwise E (Qi,j) is 

set to 0 and it will thus keep a “static” status. We initialize 

the default value E (Qi,j) = 1, which implies that the system 

will automatically proceed to global deformation operations 

when the bounding curve is not sketched. Then the equation 

6-21 can be rewritten as equation 6-23.  

 

             




=
0

1
)( , jiQE 0),(

0),(

>

≤

jvju

jvju

ϕ

ϕ
                   (6-22) 
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num

i
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Figure 6- 9 : The bound curve on the surface and the E (Q) dis-

tribution of the bar network. 
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Figure 6- 10:   Target Curve imposes the global and local forces 

on the surface. The green polyline illustrates how the control ver-

tices are adjusted.  

 

In the following sections we will detail how to effec-

tively obtain the key points on the sketched target curve and 

how to classify three constraint configurations (over-

constrained, under- constrained and well-constrained); in 

the end we will further improve boundary features of resul-

tant surface. 

 

 

 

6.2.5 The Determination of the Force Constraints  

 
Since the designer’s sketching activity produces only an ap-

proximation of the desired shape, it is important that the re-

sultant surface captures the “shape” features of the target 

curve. However, in the free-form domain, the number of 

constraints is usually unknown. Most current approaches 

provide only a solution that is the result of a pre-determined 

criterion. We instead propose a method which adaptively 
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provides such criteria through the prediction of the motion 

of the target curve (see Figure6-11). 

  For this we adopt the partial derivatives θ1 and θ2 (see 

equation 6-24). As shown in Figure, we can easily get the 

points Ps (us ,vs) and Pe (ue ,ve) by projecting Ks and Ke onto 

the parent surface S, where the H is the line connected with 

these two projection points. Then we extract the span of the 

patches where Cs and Ce define respectively the curve posi-

tion in the V direction, while Rs and Re describe the curve 

position in the U direction. 

 

 

;1
u

H

∂

∂
=θ  ;2

v

H

∂

∂
=θ   









−

≥−

=
21

21

;Re

;

θθ

θθ

pRs

CsCe

m  

                            IntegerCeCsRs ∈,,Re,                     (6-24) 

When θ1 is not less than θ2 (θ1 ≥ θ2), the target curve is 

leading towards the V direction. Therefore the number of 

key points (constraints number) on the target curve m is de-

termined by the difference between Ce and Cs. Vice versa, 

when θ1 < θ2, m is calculated by the difference between Re 

and Rs. In this way the key points on the target curve will 

produce set of point constraints and they then impose the 

force’s spring to the curves.    
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Figure 6- 11:  The target curve (in orange) and its projected 

line H= ePsP onto the parent surface. The yellow circles rep-

resent the key points which are adaptively produced by con-

sidering the orientation of H. 

 

 

 

6.3 Spline-based Local Deformation  

 
 

The shape manipulation technique we have implemented is 

able to deal with geometric details in an easier manner. 

Based on the illustrated sculpting technique, we have further 

improved it to solve specific deformations that satisfy our 

requirements.  

 U 

 

Ke 

 Ks 
 Ce 

Cs 
Re 

Rs 

Pe 

 

Ps 
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The algorithm for the implementation of local deforma-

tion is illustrated through the help of the following pseudo 

code. 

 

Initialization:  E (Qi,j ) =1;  λ )0)(,0)(( =∆=∆ αω RotTran  ;           

Step1: The user creates a free form surface S in the pre-

ferred mode (e.g. by boundary-based rotation 

mode, sculpting mode or revolving mode and so 

on). 

Step2: The user sketches the bound curve ϕ  and the tar-

get spline H’. 

Step3: The system consequently calculates local sensitive 

region E (Qj ).  

1. The system symmetrically distributes linear 

force energy f (ki, P) to surface S.  

2. The system automatically reparameterizes the 

resulting surface. 

Step4: The system renders the resulting surface  

IF (Sensor -checking is true)  

� Update (Dynamic factor ))(),(( αωλ ∆∆ RotTran );   

� Update External Forces  f (ki, P);   

�  goto Step3  

     Else   goto Step5 

Step5: End 

 

During the process of local deformation, we have ex-

cluded the option of having all the vertices outside the 

bounding curve fixed and having to operate only on those 

inside. However this choice could still result in an inaccu-

rate and insufficient deformed shape around the bounding 

curve.  Furthermore, the leading target curve may result 

over-constrained or just show unacceptable undulations.  To 
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avoid these issues, we propose two ways of improving the 

quality of the deformation. First, we classify the constraints 

into three cases:  

 

• Over-constrained: if the target curve completely lies 

outside the bounding curve.  

• Under-constrained: if the target curve partly lies in-

side the bounding curve. 

• Well-constrained: if the target curve lies well inside 

the bounding curve. 

 

When the configuration is over-constrained the parent 

surface is not affected. Conversely when the configuration 

is well-constrained, we use the aforementioned Formula 6-

25 to get the adaptive constraints.  In the case of under-

constrained, we adopt and four extremes (see Figure 6-12), 

it is easier to obtain the intersection part between the target 

curve and bounding curve. In this way the effective span of 

the target curve can be calculated.  

A so-called Relaxation Interval is used to provide the 

transition parts from the two ending points on the target 

curve to the parent surface. We define the transition parts by 

computing the minimum bounding box of bounding curve. 

Then we calculate the following four extremes: MinRow, 

MaxRow, MinCol and MaxCol, the relaxation intervals are 

calculated according to the patches’ span 

MaxRowRe− and MinRowRs − . The force ),( PKf s and ),( PKf e  

will gradually decrease to reach zero within these two parts 

as it is shown in Formula 6-25 and Formula 6-26.  
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Figure 6- 12: The relaxion interval is determined by co-

sidering the bounding box (light blue) on the surface and the 

ending points on the target line. 
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Since the target curve is used to drive the surface‘s de-

formation process this might be characterized by a sharp 

line behaviour. For this we propose a smoothing function 

which improves the symmetry of the deformed surface. This 

provides strong visual impact in terms of quality of the sur-

face. Without the need for any new patches insertion, we 

maintain the same topology by symmetrically distributing 

the external force influence to the corresponding curve.  

                       
)(2 uC

Np
Tolerance =                             (6-27) 

MinCol 
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 MaxRow 
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f(Ke, P) 
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                         )(uCQt ∈   1≤ t, r≤ Np                            (6-28) 

 

The details are shown in formula 6-27 where the 

value )(uC is the length of curve C, while Np is the number 

of vertices on each curve. The Tolerance factor is used to 

determine the distribution step along the corresponding 

curve. From formula 6-28, we can achieve symmetric de-

formation by symmetrically and gradually distributing 

)( ,PKf i  to the different vertex tQ  on the parent surface.  

 

   
 

Figure 6- 13: (Left) One key point that is able to be con-

trolled by “dragger”) imposes the force influence to a local-

ized region (yellow balls represent the sketched bound 

curve).  (Right two) Two target splines controlled by two 

3D draggers only impose strains to predefined local regions. 

These draggers’ movements drive the shape variation at in-

teractive rate.  
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Figure 6- 14: (Top) the model of penguin is created by se-

quent splines sketching where the yellow closed curve is 

sketched as a bound curve and the orange one serves as tar-

get curve used to produce the mouth part. (Bottom) the body 

of the fish is created by using the boundary–based rotation 

mode with 4 strokes, and the fins are generated by using a 

target spline to locally deform the model.  

 

 

6.4 Dynamic 3D Sensor  

 

In order to improve the flexibility of the spline-driven de-

formation, we adopt a 3D dragger which provides dynamic 

orientation and translation control. 

   As described before, all the planes are freely controlled 

by a 3D dragger. Whenever the dragger is moved in 3D 
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space, the sensor attached to this plane will start to record 

the position of the dragger and it will then relocate the key 

points. Sequently the displacements of the forces will be 

used to update the resulting surface.  

   At any moment during the manipulation phase, our 

system computes a space warp that takes as input the origi-

nal positions of the plane constraints C (defined by a local 

coordinate system U, V, W) to the current position of 3D 

dragger C’ (defined by U’,V’,W’), assuming that W = U × V 

and W’ = U’ × V’.  We wanted a smooth space warp that 

takes the starting position to the ending position, this condi-

tion results in three translation constraints and three rotation 

constraints (see Figure 6-15).  

 

   
                       

 

Figure 6- 15: (Left) the green curve is formed by imposing 

force energy f (kt , P) to the original curve (green dot line). 

The blue spline is obtained by rotating and displacing the 

key point kt which is activated by a 3D dragger. (Right)  

Computation of orientation ( α∆ ) and translation ( ω∆  ) 

constraints. 
 

 

 Since the dragger controls the whole plane, we can use 

unified scale to update all the key points. We assume the set 

α∆

),( Pkf t  
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of original constraining points [k1, k2 … kn] on target spline 

and the warped positions A (T ( ω∆ ), R( α∆ )). When α∆ is 

NULL, the deformation is pure translation and the distance 

D can be calculated by the formula 6-29. Then all the target 

constraining points [k’1, k’2, … k’n] can be described as 

formula 6-30.  

 

D=UU’× VV’+VV’ × WW’+WW’ × UU’;    =∆ω D/ |D|;    (6-29) 

             f’’(k’,P) = f(k,P) + ω∆                                   (6-30)                         

          )
2

(sin2 1

UD

UU

×

′
=∆ −α                                   (6-31) 

            k’ (U’, V’, W’) =k (U, V, W) )tan( α∆×            (6-32) 

 

It is obvious that translation constraint ω∆  determines the 

displacement of the point and it thus affects the intensity of 

the force energy applied to the surface. On the other hand, 

the orientation constraint α∆ will adjust the sensitive region 

on the original surface as described in following formula 6-

31-32. Here k’ is the final revised position of key points.  In 

this way the sensitive curves in the surface defined by these 

key points will be updated. 

Therefore, once the sensor detects the dragger’s move-

ment, the system automatically updates the dynamic factor 

“ λ ”, and then the resulting surface is recalculated, in this 

way we can get the sequence of the deformations (see Fig-

ure 6-16). 
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Figure 6- 16:  Dynamical shape control by spline-driven de-

formation: (left) the boat model is created by 7 sequent 

splines. (Middle) The target curve (blue spline) imposes the 

force energies onto the red sail. (Right)  When the target 

curve is moving away the influenced region and the corre-

sponding force energy are recomputed. 

 

 In order to preserve the smoothness of the deformed 

surface we allow the setting of a sensor to each node. How-

ever, as described before, whenever the sensor is activated 

the space-warp operator is starting to recalculate the result-

ing surface. Since this behaviour would require expensive 

numerical computation we have attached a time sensor 

which triggers the resulting calculations only at specific in-

tervals. The interval was experimentally set to 0.02 sec to 

achieve good visual feedback with appropriate numerical 

computation.   

 The performance of our spline-based deformation 

method has been shown in Table 6-2, and it is obvious that 

the required time is proportional to the number of key points 

and DOF in the parent surface (see Figure 6-17).  Moreover, 

we apply two methods to test the influence of the forces to 

the surface. First the forces produced by the target curve 

impose the global influence onto the parent model. This way 
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a series of sensitive curves are going to respond to the force 

strains from the target curve.  In the second method, we di-

rectly define a local region by sketching a bounding curve 

as aforementioned.  

 

Table 6-2:  The simulation time of our spline-based defor-

mation method 

 
Control Vertices  

(DOF: U×V) 
Key Points Polygon Mesh 

Update 
time (s) 

21×10 12 40×40 0.203 

20 ×20 14 40×40 0.219 

26 ×26 14 40×40 0. 313 

28 ×10 22 40×40 0.328 

24 ×8 12 15 ×5 0.094 

35 ×8 10 15 ×15 0.125 

18×135 13 41×50 3.75 
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Figure 6- 17:  It shows that the consuming time is propor-

tional to the number of control vertices within the surface 

and the effective key points on the “target spline”.  
 

 
 
    In our system, the function is centered at the interactive 

surface creation and the intuitive spline-driven deformation. 

Furthermore the dynamic visual feedback activated by 3D 

sensor leads to the creation of the resulting objects in a natu-

ral and predictive manner. Compared with other methods, 

this approach has the following advantages of intuition, lo-

cality and simplification. In the next chapter we further dis-

cuss about the high level aesthetic curve operaors, where we 

propose a  method to brige the gap betweent the geometic 

constraints with semantic shape operators.  
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Chapter 7 

 
 

Semantic Shape Operators  
 

 

 

This chapter investigates the use of a shape-grammar in a 

new set of deformation operators for interactive manipula-

tion of 2D B-spline curves, which focuses on building the 

bridge between low level geometric constraints with higher 

semantic shape control. The work is based on the Leyton 

grammar which proposed a theory for the classification and 

manipulation of 2D curves. We further depict each of these 

processes (L-operators) by transforming them into group of 

geormetic constraints. Moreover, we discuss quantitative 

parameters which are used to analyze the curve properties. 

As a concequence, sets of aesthetic curve operators are illus-

trated to implement higher-level planar curve control.  

 

 

7.1 Leyton’s Shape Process Grammar   

 

 

To describe the different shapes that curves can reach, Ley-

ton bases on analyzing the evolution of an intrinsic quantity: 
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the curvature. He is interested in the curvature extrema 

and he demonstrates that they are at the basis of the defini-

tion and manipulation of shapes. Leyton goes deeper into 

his reasoning by stating that “each curvature extrema im-

plies a process whose trace is the unique symmetry axis as-

sociated with, and terminating at, that extrema”. Processes 

are understood as creating larger curvature variations. 

Therefore, a curve having a complex shape, i.e. lots of  cur-

vature variations, can be seen as the result of a succession of 

processes applied along the symmetry axes associated with 

the curvature extrema of a simpler curve (the simplest one 

being a circle because of its constant curvature). 

 

 
Figure 7- 1: (a, b) The PISA analysis enables the definition of 

symmetry axes. (c) An example corresponds to the traces of the 

processes that have generated these extrema. (d) The curvature 

analysis highlights the curvature extrema and inflection points. 
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The examples of Figure (7-1) show how the curvature 

analysis of a curve (Figure 7-1.d) enables the identification 

of a set of extrema (Figure 7-1.c), and complementarily the 

PISA analysis (Figure 7-1.b) enables the identification of 

the symmetry axes1 (Figure 7-1.a). Designating M and m 

respectively as a local maximum and local minimum, fol-

lowed by + or − depending on their positive or negative 

value, four types of extrema can be distinguished: M
+
, m

+
, 

M
−
 and m

−
. It is important to notice that these extrema may 

be associated to a semantic meaning according to the proc-

ess originating them: 

 

            
In a relatively intuitive way, arrows can be associated to 

the symmetry axis, to indicate the direction of the possible 

mechanical actions maintaining the shape (Figure 7-1.c). 

Thus, the curve of Figure (7-1) will be classified and repre-

sented by the string “M
+
0m

−
M

−
m

−
0M

+
m

+
M

−
m

+
”, where 

the zeros correspond to the inflection points, i.e. to the 

points having a null curvature. Using such a classification, it 

is then possible to define the set of curves having a given 

number of extrema. As an example, exactly twenty one dif-

ferent shapes, having a maximum of eight extrema, can be 

defined and named [84]. Since the curves are assumed to be 

closed, one can notice that the proposed classification is in-

variant under circular permutation and can be read in both 

directions, i.e. from left to right or right to left. 

M
+
   protrusion 

m- indentation 

m+  squashing 

M-  internal resistance 

 

(7-1) 
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Figure 7- 2:  Continuation and bifurcation processes as a mean to 

modify the curvature evolution. 

 

Given this shape description vocabulary, Leyton pro-

poses a set of processes to transform a shape into another 

one. Two categories of processes enable a curvature varia-

tion modification: the continuation processes, and the bi-

furcation processes, which are both applied at the charac-

teristic points of the curve, i.e. its curvature extrema. The 

behavior of such processes can easily be deduced from the 

curvature evolution analysis. What happens when the proc-

ess having generated a M
+
 continues? Effectively, Figure 

(7-1.c) shows that whether the value of a M
+ 

continues to 

increase, the general curvature evolution will not produce 

new extrema. Similarly, whether the value of a m
−
 contin-

ues to decrease, the general curvature evolution will not be 

modified. Therefore, the continuation at a M
+
 and the con-

tinuation at a m
− 

(resp. CM
+
 and Cm

−
) are not considered as 

process since they do not modify/complicate the curvature 

evolution. On the contrary, if one continues to decrease the 

value of a m
+
, it can become negative and therefore be 
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transformed into a sequence of “0m
−
0” (Figure 7-2-upper). 

Analogously, what happens if the process having produced 

a M
+
 bifurcates? In this case, the M

+
 transforms into a se-

quence of “M
+
m

+
M

+
” (Figure 7-2-lower). Through the 

analysis of all the possible configurations having an impact 

on the curvature evolution, Leyton has defined a restricted 

set of six  NURBS curves deformation operators’ processes 

forming a process-grammar illustrated in the next section: 

 

 

 

 

 

 

 

 

 

In Figure 7-3 it is the overview of our shape operator. It 

illustrates the two categories of Leyton grammar, i.e. con-

tinuation and bifurcation. This grammar is then applied to 

shape adjustment based on the curvature extrema modifica-

tion.  

The term grammar is used to emphasize the fact that 

this set of rules enables the definition of sentences (com-

plex shapes in terms of curvature evolution) from a set of 

words (simpler shapes). In this way the tedious lower geo-

metric digital shape representation level is shifted to gram-

mar based higher level where the geometric concepts such 

as pixel and vector are advanced to characteristic key curves. 

These curves, represented as curvature description, can be 

controlled by simply extrema adjustment.  All those adjust-

ments, implemented by adding set of geometric constraints 

on the characteristic points (curvature extrema), are capsu-

Cm
+
 : m

+→ 0m
−
0 

CM
−
 : M

−→ 0M
+
0 

Bm
−
 : m

−→ m
−
M

−
m

−
 

BM
+
 : M

+→M
+
m

+
M

+
 

Bm
+
 : m

+→ m
+
M

+
m

+
 

BM
−
 : M

−→M
−
m

−
M

−
 

Continuation 

Bifuration 

(7-2) 
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lated as specific semantic operators.  

 
 

 

 

 

 

Figure 7- 3:  The Leyton Grammar structure 

 

In the following section we propose to implement 

target curvature-based curve manipulation by dynamically 

detecting the curvature variation. Furthermore, we detail 

how we define the grammar-based operators and implement 

aesthetic curve manipulation.   

Acts on 
Acts on 

Continuous 

operator 

Bifurcation Continuation 

 
Cm+ 

 
CM- 

 
BM+ 

 
Bm- 

 
Bm+ 

 
BM- 

Morphological 

operator 

Discontinuous 

operator 

 

Grammatical form 

Continuation 

 

Curvature 

modification 

 

Displacement of 

 extrema 

 

Shape adjustment operator 

 

Shape operator  

Shape form 

 

Modification 

of curvature 

behaviour 

 

Extrema value 

modification 
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7.2 Deformation operators based on L-grammar  

 

 

To apply the Leyton grammar to B-spline curves defined by 

specific control parameters (control points, knot vectors), 

[92] has expressed a subset of rules. For each associated 

process, a corresponding deformation operator enables to 

apply automatically the set of geometric and parametric 

constraints. The deformation itself is produced by modify-

ing the static equilibrium of a bar network coupled to the 

control polygon of the curve (see chapter.5 for more). In the 

following, some examples of these deformation operators 

are expressed. 

To create these operators, a set of the curve con-

straints are used (see Figure 7-4): where the constraints are 

composed by geometric constraints and parametric con-

straints (the point on a parametric curve). Those can be rep-

resented as tangency, distance and position constraints. 

Based on the fixed control points, these constraints can be 

implemented as local deformations.  

 

• Position constraints between a curve parametric point 

P(u) and a geometric point P0 in 2D space: P(u) = P0; 

thus enabling the specification of displacement con-

straints: ∆P(u) = δ; or the specification of blocked 

points: ∆P(u) = 0. 

• Position and tangency constraints between the curve(s) 

points that must stay connected and smooth during the 

manipulation:  

P1(u1) = P2(u2) and ∂P1/∂u (u1) ^ ∂P2/∂u (u2) = 0. 
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• Distance constraints between two parametric points on 

the curve:  

║P2 (u2) - P1 (u1)║ = d. 

• A displacement constraint such that ∆P(u1) = λ . b(u1) 

where u1 is the parameter of the characteristic point 

m1+, b(u1) is the second vector in the Frenet local ref-

erence frame in m1+ and λ corresponds to the norm of 

the displacement. 

• Three blocked points:  

∆P(uM1+) = ∆P(uM2+) = ∆P(uM3+) = 0. 

 

 
Figure 7- 4:  The constraints structure 

 

Displacement 

 

Curve 

parametric 

point 

 

Geometric 

point 

 

Constraint 
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1 

1 

2 

Acts on 

Position 

Tangency 
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All examples use the minimisation of the shape varia-

tion in order to access one among the possible shapes.  Fig-

ure 7-5 shows how the displacement constraint is applied.  

From a user point of view, only the parameter λ has to be 

specified, e.g. through a dragging mechanism. 

The first example treats the case of the deformation 

process associated to the continuous rule Cm+. The m+ con-

tinuation operator (Figure 7-5), applied at the m1-extremum, 

adds automatically the following constraints: 

 

     

deformed 

shape 

Bar 

network 

initial 

shape 

external 

forces

 

Figure 7- 5:  Quantitative continuation in m+ 

 

• A displacement constraint such that ∆P(u1) = 

+λ . b(u1), where u1 is the parameter of the 

characteristic point m1+, b(u1) is the second 

vector in the Frenet local reference frame in 

m1+ and λ corresponds to the norm of the dis-

placement. 

• two blocked points such that ∆P(uM1+) = 

∆P(uM2+) = 0. 
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• all the NURBS control points on the 

“M1+M2+M3+” area of the curve are automati-

cally blocked. 

 

Similarly to the previous cases, the M+ bifurcation 

operator adds automatically the following set of constraints 

(Figure 7-6): 

 

     

prescribed 

displacement 

fixed 
points 

 

Figure 7- 6: Bifurcation in M+ 

 

• A displacement constraint ∆P(u1) = -λ . b(u1) 

where u1 is the parameter of the characteristic 

point M1+, b(u1) is the second vector in the 

Frenet local reference frame in M1+ and λ is 

the norm of the displacement. 

• Two fixation constraints such that ∆P(uO2) = 

∆P(uO3)  = 0. 

• A distance constraint such that ║P(uO1) -  

P(uO4)║ = d. 
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• Fixation of the curve control points having an 

influence over the curve segment “O2O3”. 

 

Some problems appear in the development of such opera-

tors: 

• No control of the operators have been identi-

fied, to determine a acceptable range of values 

for the user parameter: for instance, in the case 

of the continuation rule Cm+, a value too large 

for λ has for consequence a self-intersection of 

the curve. 

• A hypothesis has been posed in this work: the 

number of control points is large enough to de-

scribe the resulting curve. 

 

Based on these issues, we further improved our defor-

mation operators through interactive user control and dy-

namical curvature variation detection, so that we can pre-

cisely manipulate curve shape. Meanwhile, a set of semantic 

curve operators are well defined by combining basic defor-

mation procedure and Leyton grammar (L-operators). Those 

operators provide designers with more intuitive and interac-

tive curve control to capture their “designing intention” in 

conceptual styling phase.  
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7.3    Dynamic Curvature-based B-spline Ma-

nipulation 
 

 

In free-form shape design, fair curve segments are required 

to be free from undesirable wiggles and can be smoothly 

manipulated by designer. The optimal aesthetic curve ma-

nipulation for free form shape designing should be easier 

and effective to capture designer’s intention. It thus needs to 

provide the user with meaningful entities for the creation, 

manipulation and analysis the shapes in an intuitive way. 

Addressing these issues, we propose high level shape 

operators, encapsulated by a group of basic L-operators, to 

release the designers from tedious mathematic understand-

ing of curves.  Each operator only applies geometric and pa-

rametric constraints on few “characteristic” extrema points. 

 

We first present a dynamical curvature-extrema detec-

tion mechanism, where the “characteristic” points are ob-

tained through real-time monitoring of the curvature ex-

trema distribution. As a concequence, the curve features can 

be obtained by analyzing quantitative parameters, and then 

we implement the semantic curve control by only applying a 

group of constraints to these characteristic points.  In this 

way the designer can intuitively and interactively manipu-

late the curve to express the “mental ideas” for the aesthetic 

designing.  

  First of all let us overview the properties decided by 

curve curvature.  

In fact, it is easy to determine curve features such as 

curve orientation by considering the curvature distribution. 

In [93] the work provides the theory to judge the increasing 

orientation or decreasing orientation through evaluating the 
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sign of the second derivatives
2

2

dx

yd
of curve y=f(x). If 

2

2

dx

yd
 is 

positive, the slope of the tangents to the curve increase as x 

increases (see Figure7-7 a). We say that a curve is concave 

up on an interval I when: 

)(
2

2

dx

dy

dx

d

dx

yd
= >0   for all x in I. 

Likewise, if 
2

2

dx

yd
 is negative, the slope of the tangents to the 

curve decrease as x increases (see Figure 7-7 b). We say a 

curve is concave down on an interval I when: 

)(
2

2

dx

dy

dx

d

dx

yd
= <0    for all x in I 

And a point of inflection occurs at a point where 
2

2

dx

yd = 0, 

then there is a change in concavity of the curve at that point. 

 

   
(a) Concave up        (b) concave down. 

Figure 7- 7: Curve concavity 

 

Likewise, the curvature extrema M+, m+ are the con-

cave down points, and m-, M- are the concave up points. 

These features will be adopted for the following shape op-

erators.  
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7.3.1 Cubic Planar B-spline Curvatures  

 

 

Normally, a m
th

-order B-spline curve can be defined by:  

     [ ]∑
=

+−∈=
n

i

nmimi ttuPuNuC
0

1,1, ,)()(         (7-3) 

Where {Pi} are control points, {Ni,m(u)} are the m
th

-order B-

spline basis functions defined on knot vector : T= 

{t0=…=tm-1,tm,…, tn, tn+1= …= tn+m}.  Our application is 

concentrated on planner cubic B-splines, i.e. m= 4.  

For a planar curve C (u) = (x (u), y (u)), the curvature is 

computed by  

                    
2

3
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In the case of B-spline curve, the )( itκ is abbreviated to iκ , 

and the first and second derivatives at ti can be obtained by 

equations 7-5 and 7-6: 
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An oriented B-spline curve is a curve such that at every 

point a unit normal vector n is defined, provided n(u) is 

continuous along the curve. The curvature depends on the 
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orientation， when the orientation is changed, the sign of 

curvature changes accordingly. The curvature vector κ  and 

normal n do not depend on the orientation. We denote ϕ  as 

the angle between the tangent point and the positive direc-

tion of the x-axis (see Figure 7-8). Then the unit of normal 

vector can be obtained by equation 7-7:      

  [ ] n
d

dt
=−= ϕϕ

ϕ
cos,sin                        (7-7) 

 

 

 

 

 

 

 

 

 

 

Figure 7- 8: Definition of tangency, normal and curvature. 

 

Likewise, p is called a convex point if curvature at p is 

positive (the curve segment is concave up) and a concave 

point if it is negative (the curve segment is concave down).  

Therefore, we can obtain the symbolic description of 

any B-spline curve based on the analysis of curvature distri-

bution. Figure 7-9 shows an example of the B-spline curve; 

it is represented as (left to right) “m-0m+M+m+0M-

0M+m+M+”. Such symbolic description of a curve thus not 

only provides an easy way to precisely classify the curves 

but also it further improves the lower geometric representa-

tion level to a higher level. In the following we further dis-

cuss the curve properties based on the intrinsic curvature 

analysis. 

P (x(u), y(u)) 

t(u) 
n(u) 

 

φ 
X 

Y 
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(a) The B-spline curve is represented as “m-0m+M+m+0M-

0M+m+M+” without considering the  beginning and ending 

points (orange balls). The blue balls represent three inflexion 

points, and the other pink balls then denote the curvature ex-

trema. 
 

 
 

(b) The curvature plot and the extrema distribution. 

 

Figure 7- 9:  The symbolic description of B-spline and the curva-

ture plot. 

 

As it is shown in the curvature plot (Figure7-9), it is 

easy to determine the concave point and convex point by de-

tecting the sign of the curvature extrema. Then this B-spline 

can be decomposed into four curve segments based on three 

inflexion points, whilst between each curve segment it 

m- 

 

m+ M+ m+ 
M- 

M+ m+ M+ 

0 0 0 
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keeps C
2
 continuity. For each curve segment we further 

propose a set of quantitative parameters to evaluate the 

curve properties.  

Finally we apply deformation operators to match de-

signer’s aesthetic design requirements based on the analysis 

of specific curve properties which will be detailed in the fol-

lowing sections.  

 

 

7.3.2 Quantitative Parameters for Curve Analysis  

 

Leyton’s grammar allows a discrete classification of shapes 

into classes of equivalence. However, designers typically 

need high capacities for the specification of aesthetic 

curves. To take into account this problem, we have extended 

the descriptive capacities by adding some quantitative (and 

continuous) characteristics, allowing distinguishing curves 

of a same class, and some quantitative operators, allowing 

manipulating a curve without modifying its name. These 

quantitative characteristics are always attached to the char-

acteristic points which are described as following (Figure 7-

11): 

• Curvature variation ∆kX with respect to a 

characteristic point CP, where X designate ei-

ther the left L or the right R evaluation direc-

tion. The left (resp. right) value is determined 

by the difference between the curvature value 

of CP and the characteristic point on the left 

(resp. right) according to the curve parameteri-

sation.  
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• Distance DX denotes the distance between a 

characteristic point and the one on the left 

(resp on the right), computed on the curve. 

• Range of influence RX of a characteristic 

point CP. To determinate the left (resp. right) 

range, we take the average of the left (resp. 

right) curvature variation and we search for the 

point PX on the left (resp. right) of the charac-

teristic point which has curvature value equal 

to (k (CP) ± ∆kX/2). The curve portion be-

tween PX and CP is the left (resp. right) range 

of the characteristic point. It can be noted that 

all the ranges of characteristic points cover the 

entire curve. 

 

 Curvature 

s 

M+

M+ 

m- 

m+ 

0 0 

∆∆∆∆kR 

DL 

a) 

Curvature 

s 

M+

M+

m- 

m+ 0 

0 

b) 

½ ∆∆∆∆kR 

RR 

 
(a)                                                        (b) 

Quantitative characteristics  
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 Curvature 

s 

Small visibility 

 
(c)                                                     (d) 

 

Figure 7- 10:  The quantitative parameters and the property 

analysis. (c)Small visibility (d) Sharp corner and redundant ex-

trema  

 

We further present some properties of curve based on 

the quantitative parameter analysis: invisibility, sharp corner 

and redundant extrema properties. Those are described as 

following:  

 

�  Small visibility: This characteristic is used 

to classify the details, considering that a charac-

teristic point is a detail if it has both a small dis-

tance and a small curvature variation. The codon 

is usually “0m-0” or “0M-0”. It is calculated as 

the product of the distance and the curvature 

variation at that CP.  

 

IF (DL< γ) OR (DR < γ) AND 

IF (∆kL< β)OR (∆kR < β) 

As the user-defined parameters for the evalua-

tion, the γ and β denote the thresholds of distance 

variation and curvature changing.  

 

�  Sharp corner: it is used to detect if there is 

Sharp corner 

Redundant 

extrema 

Curvature 
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dramatic curvature variation between two curva-

ture extrema (see Figure 7-11 a).  

 

       IF (DLR< γ) AND (∆kL>µ) AND (∆kR > µ) 

 

� Symmetric property:  when the characteris-

tic point CP has equivalent curvature variation 

between left and right curvature extremum, 

whilst they have the same codon (CX) such as 

“M+m+M+”, “m-M-m-“(see Figure 7-11 b).  

 

IF (∆kL = ∆kR ) AND (DL= DR) AND (CL = CR)  

 

� Redundant extrema:  when the curve seg-

ment has frequent curvature variation within a 

small distance, it certainly causes unnecessary 

undulations. The codon of such curve segments 

might be “M+m+M+”, m+M+m+”, “m-M-m-”, 

“and “M-m-M-”. Then we can optimize them as 

“M+”. “m+”, “m-” and “M-” to obtain smoother 

effects (see Figure 7-11 c).   

 

   

 

 

 

 

 

 

 

 
(a) This curvature plot shows two undesired features on the 

curve, i.e. sharp corner 1 and redundant extrema 2. The red balls 

represent the corresponding curvature extrema. The dot line 

1 

2 

CL = M+ 

m+ 

CR = M+ 

DL DR 
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represents the previous state; the bold one is the current optimiza-

tion.  (b) The curve segment “M+m+M+” is symmetric. 

 

 

 
 

 

(c)                                                 (d)  

 

Figure 7- 11: Handle the undesired properties on the curve. (c) 

The undesired features on the curve. (d) The corresponding ma-

nipulation 

 

 

7.3.3 Aesthetic Properties of Curve  

 

As seen in the previous sections, the quantitative parameters 

can detect undesired features of curves. Furthermore con-

sidering the concepts of the aesthetic designing, we propose 

a set of high-level aesthetic operators. 

It has long been recognized that to have aesthetically 

good shapes for curve styling, the number of extrema in the 

curvature distribution is mainly considered.  Normally the 

number of separate segments with monotone curvature 

should be the minimum required to meet the aesthetic intent 

of the designer.  

Although different types of aesthetic properties exist in 

the domain of design, aesthetic properties need to be struc-

M+ 

Sharp 

M+m+M+ 

Redundant extrema 
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tured, at least partially, and designated to enable designers 

to communicate among themselves and with other actors 

during the PDP (Product Development Process). For this 

reason, this complementary study concentrates on the prop-

erties identified during the FIORES-II European project 

[88] connected to the terms used by stylists for expressing 

the desired shape modifications and to help them communi-

cating their ideas. To this end, the study has been performed 

through designers’ interviews to identify their specific terms 

and their corresponding meaning. 

The definitions and relations between words and geo-

metric quantities have been finalized. In particular, the con-

cepts of acceleration, softness/sharpness, tension, convexity/ 

concavity, flatness, crown, have been specified together 

with their measures. It is important to notice that several 

geometric characteristics/variables contribute to a single 

property, thus requiring a further level of interpretation to 

give a formal description both of the property and of its 

measure. Also, it must be noted that while it is in general 

impossible to generate a curve with a given specific prop-

erty quantification, it is much more meaningful to modify an 

existing one by increasing/decreasing the parameters quanti-

fying such a property.  Here, the definitions are summarized 

and their measurement parameters attached are listed [89]. 

Considering a whole open curve, its acceleration is re-

lated to how much the variation of the tangent to the curve 

is distributed along it. Fast or slow acceleration means that 

the curvature increases fast/slowly at proximity of one end 

point of the curve (see Figure 7-12). If a curve changes cur-

vature slowly it may show no acceleration at all. One could 

define a measure of acceleration by the ratio of curvature 

difference ∆k and arc length ∆l where the difference hap-

pens:  
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l

k
onaccelerati

∆

∆
=  

 
Figure 7- 12: Curves and their curvature plot, with acceleration 

increasing top-down 

 

The term softness/sharpness is used to describe the 

properties of transitions between two adjacent curves or sur-

faces. In the styling activity, the term radius is generally 

used to indicate the curvature distribution in the neighbor-

hood of the transition blend between these two curves or 

surfaces. This property is therefore local to an area around 

the common point/curve shared by the two adjacent entities. 

Generally, a small radius designates a sharp area, and a 

large one characterizes a soft transition (see Figure 7-13). 

Then, making a radius sharper (softer) means to decrease 

(increase) the radius of the blend. The meaning of “big” and 

“small” depends on the sizes and proportions of the curves 

to be connected. When we give measures we will concen-

trate on the minimum radius of a given blending curve and 

say that a sharp radius is a small radius, while a soft radius 

is a large one:  
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sharpness
radiussoftness

1
min ==  

 

 
Figure 7- 13：：：：Example of sharpening property (sharper from the 

left to the right). 

 

Flatness is simply related to how much the curve 

gets closer to a straight line. Curves incorporating some in-

flexion points are referred to wet curves or S-shaped. Flat-

ness could be measured by the ratio of maximum and mini-

mum curve elongation, which is the width and the height of 

the curve’s minimum-area encasing rectangle (see Figure 7-

14). In order to make the flatness range from 0 to 1 we use: 

max

min1
d

d
Flatness −=  

 
Figure 7- 14: Examples of straight lines (straighter from the top 

to the bottom). 
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When designers make an open curve more convex (or 

concave, in the opposite direction), they are moving to-

wards its enclosing semi-circle (Figure 7-15). Thus, the 

ideal convex curve is an arc of circle, assuming it is com-

patible with the continuity constraints at the endpoints. Oth-

erwise, it is the curve presenting the lowest variation in cur-

vature that satisfies the given continuity constraints, i.e. a 

spiral. Convex can be measured by, where the signed area 

under the curve is limited by the line between the two curve 

end points, with positive values standing for convex and 

negative ones for concave:  

max

min*
d

d
signedareaConvexity =  

   

 

 
Figure 7- 15:  Example of convex property (more convex from 

the bottom to the top). 

 

 

According to a user’s feeling, “Straight lines have ei-

ther no tension or an infinite one”. Tension has been de-

fined as the “internal energy” of an open curve subjected to 

continuity constraints at its boundaries, provided it is not a 

straight line. This can be geometrically translated into an 
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evolution of curvature along the curve, which means that in-

creasing the tension of the curve leads to a larger area hav-

ing a small curvature (Figure 7-16). A first attempt for 

measuring tension would be the ratio of curvature extrema, 

but in order to be more global one could set the curvature 

difference in relation to the average curvature:  

 

avgk

kk
Tension

minmax −
=  

 

 
Figure 7- 16: Curves and their curvature plot, with tension in-

creasing top-down. 

 

Crown means lifting or raising a certain part of the 

curve in a given direction, without changing the end points, 

and eliminating the inflexion points, if any, while creating a 

convex part. 

 

As already mentioned, designers are used to adopt a 

limited set of curves and to express their own aesthetic per-

ception of the product. Some characterizations are inter-

preted in a standard way by designers; therefore the APs 

(Aesthetic operators) are concepts intrinsic to the stylist’s 

environment and are not referring to any geometric model. 

These concepts define some of the intrinsic parameters 
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needed to model and manipulate semantically a shape in the 

context of a 2D sketch. The next chapters will present these 

2D semantic aesthetic operators and how they are connected 

by set of geometric constraints based on basic Leyton shape 

grammar. 

 

 

7.4 A Mapping between Aesthetic Operators 

(ASP) and Process Grammar 

 

 

Once having identified how the APs (Aesthetic operators) 

are linked to the curve characteristics, the second step is to 

identify how to modify these quantities through the use of 

the L-system curve modification operators. 

 

 

Straightness Operator 

 

In aesthetic design, such an operator does not create a 

straight line but it deforms a curve to tend it towards flat-

ness. In our understanding, this operator can be decomposed 

into two sub-operators depending on the initial shape. 

 

First, if the initial line is noisy, i.e. with some undula-

tions along it, the operator first eliminates such undulations. 

The aim of the process is to mainly make the codons having 

the smallest visibility disappear. Furthermore, the operator 

decreases the complexity of the name of the line if it has the 

redundant extrema feature by using the inverses of gram-

matical bifurcation and continuation. 
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As an example, in Figure7-17, the black curve has 

name “M+0m-0M+”, and the codon “0m-0” is the one with 

the smallest visibility or undulation property. The inverse of 

the process associated to the rule Cm+ is performed, to ob-

tain the green curve (see Figure7-17-c green curve), with 

name “M+m+M+”. The process can be described as:   

• First, the inverse of the quantitative continua-

tion C*m- is applied to the characteristic point 

m-, until its curvature value is equal to zero. 

• At this point, the inverse of the Cm+ rule is 

applied, to transform the codon 0m-0 into the 

characteristic point m+. 

• Finally, the inverse of the quantitative con-

tinuation C*m+ is applied. 

The green curve is still a noisy one, since its name is 

complex according our “redundant extrema analysis”, and 

the inverse of the process associated to the rule BM+ is ap-

plied on the curve to obtain the red one in the following 

step: 

• The inverse of the quantitative continuation 

C*m+ (applied in the previous operation) is 

still applied on the m+, until its curvature 

value is equal to the curvature value of one of 

the two M+ surrounding the considered point.  

• The inverse of the BM+ rule is applied, to 

transform the middle codon “M+m+M+” into 

the characteristic point M+. 

The final result is a curve with only one curvature 

extrema “M+”, as it is for the red curve in Figure7-17-b.  
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(a) Before manipulation, the curve and the curvature illustration 
(red part). (b) After manipulation. (c) the black curve is origi-

nal curve, and the green one is the result after the first inverse 

Cm- operator, the name is “M+m+M+”; the red curve is final 

one by using inverse BM+ operator, the representation of red 

curve is ‘M+” 

 

   
 

(d)Curvature plots of the black curve, the green one and the red 

one   

 

Figure 7- 17: The original B-spline curve (black one) is manipu-

lated by our straightness operator. The each result is illustrated by 

corresponding curvature plot 

 

 

 

Sharpness/softness Operator 

 

This operator acts on a curve segment connecting two re-

gions of small curvature, and in practice, it acts on the char-

M+ 
M+ 

m- 

0 0 

m+ 

M+ 

M+ 
M+ 

M+ 

M+ m- 

M+ 
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acteristic point of “M+” or “m-”. Making this blending 

sharper means increasing the prominence of a corner be-

tween the two curves. At the same time, the process cannot 

generate unwished undulations, i.e. cannot insert new char-

acteristic points in the curve. 

As a consequence, the sharpness/softness operator 

will be directly translated by the operator C*M+ (or C*m-, 

depending on the initial stage for the curve): the curvature 

value of the characteristic point will increase or decrease 

(Figure7-18). 

We here introduce a known implementation by simul-

taneously adding set of position constraints and tangency 

constraints on the characteristic points.  

� Adding dynamic position constraint on the mid-

dle-codon curvature extremum “m-” or “M+” by 

user’s interactive dragging operation in the foll-

woing way:  

∆P (u m-) = d;  

� In order to avoid producing new characteristic 

points of this curve segment, we simultaneously 

fix the tangencies of the left extrema point Pl and 

the right extrema point Pr.  

0
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(a)                                      (b)                                    (c)  

 

Figure 7- 18:  Sharpness/softness operators.  (a) Before manipu-

lation. (b) After softness operation. (c) After sharpness operation 

 

Convex/concave Operator 

 

The aim of this operator is to transform a curve so that it be-

comes closer to the enclosing half-circle. The first step of 

this operator is to delete the small visuality (inflexions) in 

order to obtain a sequence of type “M+m+M+” or “m-M-m-

”: the inverse of the processes associated to the protrusion 

rules are used on each characteristic point that has a small 

visibility. 

The second step is to apply on the middle-codon cur-

vature extremum the displacement operator in the direction 

of the perpendicular bisector of the segment connecting the 

curve endpoints in order to equilibrate the left and right dis-

tance (from the lower curve to the middle one in Figure7-

19): in this way, we obtain a more symmetric curve.  The 

implementation by simultaneously adding geometric con-

straints on the characteristic points are shown as following: 

 

m- 

0 0 

m- 

0 0 

m- 

0 0 
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� Adding dynamic position constraint on the mid-

dle-codon curvature extremum “m+” or “M-” by 

user’s interactive dragging operation:  

∆P (u m+) = d; or ∆P (u M-) =d;  

� Meanwhile the changing of the middle-codon 

curvature extremum will produce the adjustment 

of two inflexion points along their normal vector 

direction n (u), the scales of the changing of these 

two inflexions are determined by the distance be-

tween the middle-codon curvature extremum and 

this inflexion points. We thus can symmetrically 

control the curve variation,as in: 

 

∆P(u 0L) =λL·n(u0L)·d ;  

∆P(u 0R)= λR·n(u0R)·d; 

      λL = DL  ;      λR= DR; 

 

� When there is no inflexion on this curve, the λL 

and λR are automatically set as “0”. Then the posi-

tion constraint is only applied on the middle-

codon curvature extremum to adjust the promi-

nence of the concave or convex.  
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Figure 7- 19: Curve change by using concave operator and the 

curvature plots. 

 

 

 

Tension Operator 

 

Tension can be perceived when one curvature minimum 

with a small curvature value in-between two curvature 

maxima with high curvature values. 

As for the previous operators, the first step of the 

tension operator is to suppress the undulations in order to 

obtain a name of type “M+m+M+” or “m-M-m-”. After 

that, “more tension” is obtained by applying the quantitative 

continuation operator C*m+ (C*M- depending of the initial 

stage) to decrease the curvature value of the curvature ex-

tremum to tend to 0 (Figure7-20).  

This operator can be also applied with tangency con-

tinuity conditions at the endpoints of the curve. In this case, 
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the curvature value of the two other extrema will increase 

feasibly. 

 

 
 

 

Figure 7- 20: Tension operator and two examples. 

 

 

Acceleration Operator 

 

A curve is said accelerated when the variation of the tangent 

is bigger around one end point when moving towards that 

point, a straight line or a true radius have no acceleration at 

all. The acceleration operator is meaningful only if applied 

to curves which have already the acceleration property. 

Accelerating the extremum on the right means in-

creasing the curvature value of the extremum without modi-

fying the position of this point. To obtain this result, two 

quantitative operators have to be applied simultaneously: 

the quantitative continuation operator C*M+ (resp. C*m-) to 

increase the curvature value of the curvature extremum, and 

the curvature extremum displacement DM+ (resp. Dm-) to 

correct the displacement of the extremum generated by the 

continuation operator (Figure7-21). As a consequence the 

left distance for this extremum and the right range of influ-

M- 

m- 
m- 

M- 

m- m- 
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ence of the next extremum (or inflexion point) will increase. 

This means:  

� The tangency constraint is added to one ending 

point to increase the value; and it keeps another 

ending point static:  

    ∂P1/∂u (u1) = β   And  ∆∂P2/∂u (u2) = 0 
 

    

 

Figure 7- 21: Acceleration operator: one ending point is dynami-

cally increasing the tangency value by user’s dragging operation  

 

7.5 The Management of Geometric Constraints 

 

One of the main problems, when designing a deformation-

based environment, is to provide with an  in adequacy the 

number of constraints, imposed by the system to obtain a 

specific shape, and the number of degrees of freedom of the 

shape, essentially the number of control points in case of B-

spline curves. The symbolic description can allow the sys-

tem to have some hints to know where and how many de-

grees of freedom to add in the geometric model. 
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(a)                                                         (b)  

Figure 7- 22:  Planer curves with 10 DOF and with 18 DOF 

 

 

For instance, when we implement the soft-

ness/sharpness operation, we add position constraints on 

two ending points to fix the B-spline segment (blue balls in 

Figure7-22), and simultaneously we keep the tangency and 

position of the left characteristic point and right one ( grey 

balls). We then interactively drag the selected extrema point 

“m-” (pink ball), in this way we impose 14 constraints to 

this B-spline segment.  For the case of (a), it is obvious 

there is no enough freedom to obtain solution for this opera-

tion, on the contrary, when we increase the DOF of the B-

spline curve (see Figure7-22 (b)); we can thus have more 

possibilities to get adequate deformation results.   

Another example is during the creation of inflexion 

points into a subset of a curve. A theorem in case of Bézier 

curves expresses the fact that the number of inflexion points 

on a curve is an inferior of the number of intersection points 

between the curve and the control polyhedron [90] (Figure7-

23a). The value is only an inferior, so it means that an inter-

section point between the curve and the control polyhedron 

m- 

0 0 

M+ M+ 

m- 

0 0 

M+ M+ 
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can exist unless an inflexion point on the curve exists (Fig-

ure7-23b). 

 

     

a) b) 

 

 

Figure 7- 23: B-spline curves with their control polyhedron 

 

So, to insert two inflexion points in a subset of the 

curve, the control points defining this subset should be 

enough to create at least two intersection points with the 

curve. 

In the same way, the number of symbols inside the 

name gives an idea of the complexity of the shape. But if a 

user wants to tune the shape between the characteristic 

points, the number of degrees of freedom should be in-

creased. 
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Chapter 8 

 
 

Conclusion and Prespective  
 

 

8.1 Conclusion 

 

                                                                                                                                                                                                       

The stylists/designers build their shapes step by step while 

specifying a set of constraints and control parameters. Such 

an approach is not shape-oriented: the user has to think to 

the shape in terms of constraints. Moreover, the modifica-

tions of previously defined shapes are still time consuming. 

The general objective of this research was to intro-

duce a flexiable method of free form surface construction 

and a pratical approach to shape-oritented surface manipula-

tion for conceptual styling.  

This work has been decomposed in three main cate-

gories: the spline-based surface modeling (Part I), the 

physically-based surface deformation based on spline 

sketches (Part II) and the semantic-based aesthetic curve 

manipulation (Part III).  

The part I tried to optimize the constraints solving 

process by highlighting the correlation between the curve, 

surface features and geometric constraints, and the modeling 

process fully emphasized the designer’s different drawing 

style. Meanwhile, it also contributed an effective algorithm 
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which is able to automatically approximate the arbitrary 

hand drawing curve into Cubic B-spline.  

The part II proposed a novel method aiming at offer-

ing the designer with more efficient and direct parameter-

independent surface control through combining the physi-

cally-based deformation technique and finite element 

method (FEM). The algorithm presented is able to auto-

matically extract geometric constraints from user-applied 

spline sculpting operations, and these “external forces”, are 

adaptively imposed on a bar network built by control verti-

ces. Meanwhile, an optimization process effectively guar-

rents the least possible adjustment to the control vertices.  

During the implementation I further illustrated the surface 

properties through defining geometric constraints (point, 

tangency, curve, surface area and so on. The influence of 

these constraints is well defined to implement the global and 

local deformation by attaching an influence factor to each 

control vertex.  In order to improve the flexibility, all the 

spline strokes are freely controlled in 3D space, and then a 

sequence of dynamic deformations facilitates the user to 

achieve the desired models.  

This research work is implemented in a 3D virtual 

environment (C++ and OpenInventor), and now it is also 

applied to a collaborative AR/MR designing system (Re-

lated with IMPROVE European project), where the model-

ing and modification process can be simultaneously con-

trolled by different clients, based on an “OSGA” 

communicating platform. The sketching input data may 

come from the common 2D mouse movement or 3D track-

ing data, like hand tracking.  

Since the designers are more interested in how to ob-

tain the aesthetic results instead of caring about geometric 

details, part III further discussed the grammar-based higher 
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shape manipulation (AIM@SHAPE project). Firstly a sym-

bolic curve description by using the intrinsic curvature fea-

ture (Leyton grammar) is adopted to effectively classify the 

general 2D planar curves. Furthermore, the quantitative pa-

rameters are introduced to analyze the curve properties 

based on the curvature plot. Finally, a set of semantic-based 

shape operators according to different properties are illus-

trated.  Each operator, encapsulated by a group of geometric 

constraints, is well defined by fully considering the curva-

ture variation (refer to the 6 Leyton process grammar). In 

this way the designer obtains the aesthetic curve control 

through these pre-defined constraints and a simple user-

driven dragging process.  
 

8.2 Perspective 

 

 

The three-dimensional computer supported collaborative 

work (CSCW) recently has increasingly become a challenge 

in the CAS/CAD field. My ongoing work would try to build 

a multi-participant virtual environment for collabortive and 

creative designing work.   
 

Tangiable Interface for CSCW  
 

In this setting, computers can provide the collaborative in-

formation that people have in face-to-face interactions, such 

as communication by object manipulation, voice and ges-

ture.  

     These multi-sensors, such as markers, gesture, and voice, 

are tracked and merged in ARTookit. It thus provide de-

signers an immersive environment to implements the curve 

drawing and surface deformation.  Furthermore the multi-
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modal interaction in VR and AR system will be extended to 

collaborative network architecture (Client/Server).  It will 

provide the functionalities for multi-user simultaneous sur-

face creation and modification.   
 

Higher Levels of Shape Description/Manipulation 
 

The use of a shape-grammar to define a set of interactive 

deformation operators of 2D curves has been investigated 

(Part III). In fact, about the concepts and tools defining 

higher levels of shape description/manipulation there are 

still variety of work to be done.  

 

 

1. Definition and development of the concepts of 

hybrid models and generic geometries. First, the 

concept of hybrid models has to be clarified. This is 

a prerequisite for having a fully integrated design 

process, where semantic information can be re-

trieved, processed, shared, and exploited between 

the different applications working on different types 

of geometric models (cloud of points, meshes, 

smooth surfaces and so on). The proposed deforma-

tion tool is already capable of deforming simultane-

ously various types of geometry 

2. Definition of general rules/methods for semantic 
addition and storage. Being defined a standard for 

shape, the definition of rules and mechanisms for 

adding semantic information to the user-specified 

shapes should be considered. It requires the formal-

ization of shape knowledge and the definition of 

shape ontologies in a specific context, i.e. the indus-

trial design context in the present case. 
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These works now are continuing in the context of the 

Aim@Shape Network of Excellence [Aim@Shape]. 
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